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51, CANTILEVER-TYPE PRESSURE-ENERGIZED SEALS

by

J. Wallach =

/
51.0 Summary /?3 ?

Pressure-energized static seals are used between the flanges of a
flanged joint to form a leak-tight seal between the flanges and maintain
this seal as the internal pressure is increased and the flanges tend to
separate. The characteristics and design of the cantilever type of pressure-
energized seals are presented in this section. O-ring type seals are dis-
cussed in Section 52.

The geometry and materials of many of the seals used in the missile
industry are similar enough to allow their analysis using a small number of
generalized mathematical models. Each model is analyzed and curves of its
characteristics calculated for a set of typical dimensions. The designer
can compare his requirements with the characteristics of the various types
of seals and choose the most appropriate one. Then he completes the de-
tailed design of the seal by using the design formulas in the section for
that particular seal.

The derivations of the design formulas are in the appendix, Section
51.5. Included in these derivations are other formulas of less frequent
interest. Section 51.5.8 of the appendix is devoted to the justification
of the use of beam theory in the derivation of the design formulas.
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51.1 Introduction

Static seals for use with pipe flanges where high internal pressures
are encountered are usually pressure-energized. High Iinternal pressures
cause flange separation and unless the initial bolting stresses are very
high may reduce the seal-to-flange face contact pressure to a point where
leakage occurs. The use of high bolt stresses means larger bolts and flanges
and & resultant increases in weight. 1In order to avold this weight increase
and maintain a sufficiently large seal-to-flange sealing pressure, the seal
is designed so that an increage in pressure results in an increase in the
gealing force. ‘

The flanges are designed to preload the seal to furnish a minimum seal-
to-flange sealing force for zero internal pressure. Otherwise the effect of
the flange on the seal is minimized. A typical design has the seal sitting
in a recess in the flange, see Fig. 51.1. The difference between the free
height of the seal and restrained height results in a preloading of the seal.
The restrained height is also affected by the bolt load and resulting
compression in the flange faces. However, this effect is small as compared
to the difference between the free height and the depth of the recess.
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INSTALTATION OF CANTILEVER-TYPE PRESSURE ENERGIZED SEAL
Therefore, the effect of the bolt load on the seal is secondary. The bolt
pre-load need only be sufficient to keep the flange faces in contact under
all loading conditions.

The sealing of the fluid depends primarily on the seal-to-flange sealing
force. As the flange and seal are usually both made of a high-strength metal,
the seal lip contacting the flange is often covered with a softer material
such as Teflon. The plastic flow of this softer material effects the seal.
The minimum sealing force required is determined by the properties of this
material,

An analysis is needed to determine the sealing force characteristics for
various types of pressure-energized seals. In this section various seal
designs are analized to determine the deflection, stress, and sealing force,
and to generate design formulas and methods. A number of generalized designs
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are chosen which are representative of the seals in use in the misggile
industry. The mathematical models combine simplicity and design accuracy.
Because of the recessed flange face the seal analysis considers only the seal
and neglects the surrounding structure.
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Nomenclature
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Constants
Amplitude of edge deflection variation

12(1-v2) /& )
Flexural rigidity Eh?ﬁZ(l-v )
Modulus of elasticity

Force

Thickness of seal leg

Free height of seal

Restrained height of seal

Area moment about the centroid

Axial distance from seal centerline to outside

surface of seal leg
Constants of integration
Length of seal leg
Axial length
Reciprocal Poisson's ratio
Moment
Length of seal lip
Pressure
Radius of seal
Edge load or reactive load
Sealing force

Shear

Web thickness

Total edge shear

Circumferential length

Length along beam (seal leg)
Transverse deflection
Circumferential linear coordinate

Axial deflection
Membrane deflection (radial)
Radial deflection

Percent error
Coefficient of friction
Poisson's ratio
Stress with subscripts
b - using beam theory
m - maximum
p - using plate theory
s - using shell theory
Angle
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Units

inches
inch?/1b
inch-1b
psi
1b/in
inches
inches

inches

in4
inches

inches
inches

inch 1b/in
inches

psi

inches
1b/in
1b/in

1b/in

inches
1b/in

inches
inches
inches
inches

inches
inches

inches

psi

radians



51.3 Design of Seals

Three general types of pressure-energized seals are analyzed and
discussed in this section. For each type of seal considered, a design
procedure, design equations, and curves for a typical seal showing the
seal's characteristics are presented, The analysis for each seal is given
in the appendix,Section 51.5, as noted by the references. 1In addition to
the design equations, included in the appendix,Section 51,5 are the equa-
tions for the seal leg deflection and stress, and the seal-to-flange seal-
ing force.

The seal cross-section, as shown below, consists of a web and two
legs with a small lip on the end of each leg. All of the cross-sectional
dimensions are usually much smaller than the inside radius of the seal, and
the seal legs are much more flexible than the web. Therefore, the seal is
analyzed as three separate parts: Two identical legs and the web. The
web designs considered are represented by one model,and the legs are repre-
sented by three different models:

1. Seal with Straight Leg of Constant Width (Section 51.3.1)

2. Seal with Straight Leg of Linearly Varying Thickness
(Section 51.3.2)

3. Seal with Straight Leg of Constant Width without Lip
(Section 51.3.3)

Sealing Material
(Possibly Teflon)

//////// | entetLine
I

FIGURE 51.2 C(Cross-section of Cantilever Type Pressure
Energized Seal
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The characteristics of each of these models have been analyzed and with
the use of typical dimensions are illustrated in Section 51.3.6. Based on
the needs of a particular application, one of the seal leg designs may be
chosen by a comparison of their characteristics,

The chosen seal configuration may then be designed by using the design
procedures as outlined in this section., In each case it is assumed that
the seal body material and its properties, the required sealing force, the
maximum allowable stress, and the inside seal radius are known. The seal
body materials used are usually steel or aluminum for their structural
properties, provided they are compatible with the fluid contained. In any
case the material could be specified and its modulus of elasticity and
Poisson's ratio either known or readily determined. The required sealing
force is determined from a consideration of the flange faces, sealing
material on the seal lip, and pressure and properties of the retained fluid.
The method of determining this sealing force is discussed in Volume 3 of
this report. The maximum allowable stress is determined by the designer
based on the seal material and application. The inside radius of the seal
is usually slightly larger than the inside radius of the pipe and depends
primarily on the flange design. The seal leg design is based on the above
considerations.

The seal web is primarily a structural member, but it also has a direct
effect on the sealing abilities of the seal. Radial motion between the
seal 1lip and flange face will break a seal effected between the lip and
flange and may cause leakage. Therefore, in the seal web design, consid-
eration is given to the radial growth of the seal due to internal pressure
and differential thermal growth of the flanges and seal. The seal is not
as stiff as the flanges and will tend to grow more radially when pressurized.
Relative motion between the seal and flange may result from different
amounts of thermal expansion of the seal and flange, and it may occur due
to a differential thermal growth of the flanges. If one flange grows more
than the other, the seal will have to rotate about an axis normal to its
cross-section, Figure 51.2, in order to follow the motion of the flanges.
Otherwise the seal lip must slip on the flange face.

Making the seal and flange of the same material will tend to eliminate
the problem of differential thermal expansion of the seal and flange.
However, during thermal transients there is still the possibility of the
seal and flange being at different temperatures. A stiffer seal web will
decrease the differential radial growth of the seal and flange due to
internal pressure, but will also make the seal cross-section more difficult
to rotate about its own axis. Therefore, the web design is a balance
between the need to limit the growth due to pressure and the ability to
accommodate the flange motion. Also, consideration should be given to the
design of the recess in the flange face. It is possible to limit the
radial motion of the seal by using the flange recess as a backing to the
seal web,

The depth of the flange recess where the seal sits, see Figure 51.1,
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is one of the prime factors determining the sealing force. As shown in the
figure, if the restrained height of the seal, H_, is less than the free
height of the seal, H_, the seal is axially compressed. This axial com-
pression is essential when installing the seal in order to insure seating
the seal and preventing leakage at low pressures. As an axial tensile

load is applied to the flanged joint, the flanges will separate and the
restrained height of the seal increases., 1If this tensile load is applied
prior to the pressurization of the joint, it is important that the restrain-
ed height remains less than the free height, otherwise the seal will separ-
ate from the flange. If the flanged joint is pressurized as the tensile
load is applied, the pressure will force the seal leg to follow the flange
separation., In this case, it is important to match the seal-leg deflection
characteristics to those of the flarges so that the required sealing force
is maintained., A decrease in the sealing force may cause leakage,and an
increase may cause damage to the sealing material on the seal 1lip. 1In this
section the restrained height of the seal is assumed known, The determina-
tion of the restrained heigbt comes from the load-deflection analysis of the
flanged joint. Each type of flanged joint may require a different analy-
tical approach. Included in this report are analyses of some design
examples illustrating different approaches, Section 13. Then the seal leg
itself can be designed on the assumption that the flange face is flat. 1If
the soft material coating were not used,it would be necessary to deform

the seal lip plastically or to deform the seal leg to follow the contour

of the asperity,.

An analysis is included in Section 51.3.5 to determine the increase
in internal pressure necessary to make the seal leg conform elastically to
a sinusoidal edge restraint, A radial scratch in the flange face is simu-
lated by making the peak-to-peak length of the sinusoid very small.
Flange warpage can also be simulated by a long peak-to-peak length,

The seal leg cross-section shown in Figure 51.2 indicates that the
seal leg is a circular flat plate. Also, in some seal designs the seal leg
is a conical shell. However, in most seal leg designs the leg length is
sufficiently smaller than the inside radius to analyze:' the leg as a beam,
This procedure is used in this report, but not without justification. A
set of curves are included in Section 51.5.8 showing the error incurred by
applying beam theory to a particular seal leg. These errors are generally
negligible for design purposes,

10
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51,3,1 Seal with Straight Leg of Constant Width
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The leg is analyzed as 8 Built-in beam of length, £, loaded by a
uniform load p and’deflected a distance y, by a simple support. The distance
y, 1s the difference between the free height, HE’ and restrained height,

Tﬁe analysis determining the equations for the leg deflection and stresses,
and the sealing force, Rs’ is in the appendix, Section 51.5.1.

The dimensions for the cross-section are determined from the design
equations of Section 51.5.1. Having determined the modulus of elas-

ticity, Poisson's ratio, the minimum sealirng force and maximum allowable
stress, select one or more reasonable values of the length to thickness ratio,
£/h, and calculate Yy from equation (5).

v - R E) (1)) (@/n)’ (5)

Calculate £ from equation (6)

6y E
t= ? (6)
2
(1-97) (z/h)[Acm-ap(z/h)2 ]
Choose the most reasonable values of h and £ using design judgment.
If the seal leg is at an angle 4 to the flange face, see Fig. 51.4,
equation (5) changes to the following:
: 2 3 .
V4=~ (ARS/E) (1-v7) (£/h)” cos ¢ (9)
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Equation (6) 1s the same as before, but the value of Y, 1s changed to

Y= '(HF-HR)/cos é (1)

¢
VAV AV A AV AV S AV AV iV i & iV iy S iV iV v ey o4

FIGURE 51.4 Seal Leg

The web design formulas are given in the appendix, Sec. 51.5.4. The web
length is chosen as short as possible consistent with the overall structural
requirements of the seal, see Section 51.3.4. The web thickness should be
equal to or greater than the leg thickness at the web end of the leg., It
must also be equal to or larger than the thickness calculated using equation

(49),>r3‘is'the'mean web radius. -

t=p r3/cm ' - (49)

12
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51.3.2 Seal With Straight Leg of Linearly Varying Thickness.
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Fig. 51.5

TAPERED SEAL LEG

As in Section 51.3.1, the seal leg is analyzed as a built-in beam loaded
by a uniform pressyre load p and deflected a distance y, by a simple support.
The leg deflection and stress, sealing force and design equations are
derived in the appendix, Section 51.5.2.

The design method begins with the specification of the modulus of
elasticity, Poisson's ratio, minimum sealing force and maximum allowable
stress. The initial deflection of the sealing end, Yo s required to give the
minimum sealing force, Rs’ is given by equation (21).

dR
B b4 (2a + 3b4) - 2 log (1 + bt/a) (21)

° 53 (a + bh)

Substituting equation (21) directly into the equation for the

maximum bending stress (equation 20) results in a relationship relating
a, b, and £.

32 '
. 38 4 - 2R
om 2 {:p s

(a + b%) \
(6a% + 9abs + 26242y - )
[(a " bZ) abf - ) 6a log (1 + bt/a) > (2
[ (2a + 3bf) - 2 log (1 + bi/a)
(a + bﬂ)
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This is too complex to solve in general terms for either a, b. or £.
To make the equation more tractable, assume a value for the leg thickness
at both ends, a and hz.

h =a+ b

2 £

Another relation between b and £ is obtained from the above equation which
may be solved for b.

b=(h - a)/s (23)

£

Substitution of values of a and h, reduces equation (22) by allowing
numerical evaluation of the natural logarithm terms. Further substitution
of equation (23) for b and all the other known parameters reduces equation
(22) to a polynomial in g. This equation can then be solved for £ and b
can be determined from equation (23).

The calculated values may be unreasonable, in which case other values
should be tried for a and h,. As an alternate procedure, ¢ may be un-
specified and calculated fo% chosen values of a, b, and g, mAny calculated
value of O less than the maximum allowable 1s acceptable.

The web design is the same as that for the case described in Section
51.3.1. See also Section 51.3.4,

11
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51.3.3 Seal with Straight Leg of Constant Width Without Lip

The seal is similar to the seal described in Section 51.3.1 except
there is no lip at the end of the seal legs. The seal is effected between
the seal leg and flange face. As the leg is usually at a small angle to the
flange face, decreasing the restrained height, , of the seal or increasing
the internal pressure, p, causes the point of sealing to move closer to the
seal web, see Figure 51,6,

As in Sections 51.3.1 and 51.3.2 the seal leg is analyzed as a
built-in beam. The portion of the leg from X = £, to 4 is in simple com-
pression, A free-body diagram of this section shdws that the end shears
and moments must be zero. Therefore, the end moment on the other section of
the leg (x = 0 to £,) must be zero and the end shear is only due to the

reaction of the flaﬁge face, Rs' This means the sealing between the seal
and flange is effected only along the line of contact (into the paper on
Figure 53.6) at £,. For further information on the seal characteristics see

Section 51.5.3 of the appendix,

Unloaded
Leg

" "Loaded

‘//Flange Face

1
S S S S V4
// %S ‘\\\\\\\\\ihx

y

FIGURE 51.6

Cross-section of Seal with Straight Leg
of Constant Width Without Lip

The design of the seal begins with a choice of material and deter-
mination of the minimum sealing force, Ro’ required, The web design is the
same as that for the seal described in Séction 51.3.1 and is discussed in
Section 51.3.4. The leg design is an iterative procedure beginning with the
selection of the lengths H_, k, and Yp- Then calculate the minimum leg
length required using equaEion (47).

i)



3 yE (Hr 'k_)

z = -
(o]

fo2 2 (47)
\/ Y, - 4 (Hr -k)
This is the active leg length 4.when the internal pressure is zero. Unless
the leg length is greater than k the seal leg will not effect a seal with

the flange face at assembly.

Next calculate the seal leg thickness h,

3
216 (1 - v y, R_(H - K)*

h=/ - £ o R/ (45)

- 2 2 3/2

E [ Y, 4 (g - K ]

Then calculate the minimum active leg length zm.
4

(H -k)\/ 216 y 2R /P
g = r £ o m. (46)
m 2 2 3/8

YZ - 4 (Hr - k)

This is the active leg length when the internal pressure is a maximum (Pﬁ}
If the calculated dimensions do not constitute an acceptable design, choose
other values of H_, k and ¥y and repeat the calculations until an acceptable
design is obtained. Where & number of iterations are required or a number
of seals are to be designed,it is suggested that curves be plotted for
equations (45), (46) and (47).

16
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51.3.4 Radial Motion of the Seal Lip

As a separate design problem, the radial motion of the seal 1lip due
to internal pressure and the rotation of the seal section is considered in
this section. Both problems may be considered irrespective of the leg
configuration and are, therefore, not included as part of the design
consideration of a specific leg.

Egch of the seals considered is loaded by a radial force proportional
to the internal pressure and internal seal area. The radial growth of the
seal is greater than:that of the adjacent flanges because of its much lower
stiffness. It is assumed that the flanges are rigid compared to the seal and
therefore the seal radial growth may be taken as the radial ;growth of _the keal
relative to the flange face. This relative radial motion of the seal 1lip may
prevent the forming of a good seal and cause leakage. It is probable that
there is some minimum allowable value for which leakage will not occur.

The radial deflection of the seal due to internal pressure is deter-
mined in the appendix, Sec¢:;. 51.5.5. The analysis leads to an equation which
sets an upper limit on the web length L. When the leg design has been
completed, all of the parameters except the allowable radial deformation, B
will have been determined. This parameter will be determined from tests and
experience.

L= ZM/Ep.rlz/EBr) - ﬁ] (56)

Another cause of relative motion between the seal lip and flange face
is any differential radial growth of the flange faces. A non-uniform
temperature -distribution or the use of dissimilar metals in the flange faces
will result in a differential radial growth of the flange faces. The result
is a moment applied to the seal by forces acting at the seal lips. These
forces are equal to the coefficient of friction times the normal sealing force, R..
Therefore, as the differential radial growth of the flange faces increases, S
the forces required to twist the seal increase and a point is reached where
the frictional couple is unable to further twist the seal. At this point the
seal lip must slip on the flange face and leakage may occur.

The sequence of design calculations assumes design of the seal leg
prior to the web. Therefore, in designing the web the rotational rigidity
of the seal is considered. Having calculated the differential radial growth
of the flanges and determined the maximum allowable relative motion between
the seal 1lip and flange face from tests and experience, the differential
radial motion of the seal lips, Adp, may then be calculated. ABp must be at
least as large as the difference between the differential radial growth of the
flanges and the maximum relative motion between the seal lip and flange -face.
Then the desired total area moment of the seal section may be calculated from
equation (63)of the appendix, Section 51.5.6.

17
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2 2
I = 4uR_H 'r,“/EB) (63)

This is the sum of the area moments of the seal legs and web. As I, varies
as the square of the web length, L, it may be possible to achieve the desired
I. by only verifying L.

The maximum bending stress due to the applied couple is a circum-
ierential stress and the maximum is at the upper and lower seal surfaces,
_HR.

o, = EBD/Zr2 (62)

Other design approaches are possible using the equations in the
appendix, Section 51.,5.6.

18
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51.3.5 Seal with Straight Leg of Constant Width Seating on Flange Face

With Circumferential Waviness

In all of the seal leg analyses the flange face has been assumed
perfectly flat. This is never the case, but may be closely enough approxi-
mated to be a reasonable assumption. In order to validate this assumption
the effect of surface irregularities must be investigated. As an analysis
of a general irregularity is difficult and may not be of greatest interest
a simplified model was chosen. :

The surface irregularity chosen is a groove running radially,whose
cross-section in the circumferential direction is sinusoidal. The mean
depth of the groove does not necessarily coincide with the flange face
surface and the groove depth may be below the flange surface with a hill to
either side,whose peak is above the flange surface.

Mean Groove
/| 6\ Depth
V& /AVEVA|

Flange /1 dk Remainder of Flange
Faces Flange Face ) /// Face Surface :)
Recess L
/Y I : :
X |7
..<_w-_,—B—
w

FIG. 51.7 View B

Cross-section of Flange Recess

The groove is assumed part of a continuous sinusoidal wave (dotted
line) with a cycle length of w. As shown above, the irregularity length is
slightly more than w and blends in with the flat flange face to either side
of w. The analysis of a seal leg of constant width seating on a flat surface
is covered in Section 51.3.1. 1In this section only the analysis of
the seal leg seating on the irregularity is considered. Whereas in the case
of flat flange faces the restrained height of the seal, Hp, is one half the
distance between the flange faces, in the case of an irregularity it is defined
as the axial distance from the axial midpoint of the flange recess to the mean

51J19



groove depth. The initial deflection is then given by the same relation as
for the flat flange face case.

yp = ~(ip - Hp) (64)

The coordinates, Fig.51.8 have their origin at the base of the seal leg. The
half depth of the groove is A, Fig. 51.7. The groove shape is A cos(2nz/w).

V-‘_—— I ——
y FIG 51.8
COORDINATES FOR SINUSOIDALLY RESTRAINED SEAL

The analysis of the seal leg and a further description of the
flange surface irregularity are in the appendix, Section 51.5.7. The sealing
force, Ry, and maximum stress at the base of the seal leg, %, for the
length w are:

R, = (3p0/8) - GGy, DIL)

AD (21t/w)3 cos (2nz /w)
sinh (4n Z/w) - 2(2x £ /w) (78)

+

g’kl-v)z(Zn,Z/w)z + (1+v)2 + (1-v) (3+y) cosh2(2nllw{}

o = Gpl? 74n?y + 18y, p/f? n%y -

_EhA ( ZK\Z{/(l-i—-y)sinh(Zméﬂﬂ) + jl-y)(Zr(Z/w)cosh(ZnZ/w)z (79)
(1-+%) v) sinh (4nffw) - 2(2nd/w) J

51-17
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The first two terms in the above equations are identical to the
equations for the sealing force, equation (4), and stress, equation (3)
for the seal leg on a flat surface in Section 51.5.1.

Of particular interest in the above equations is the change in seal-
ing force and stress due to the sinusoidal restraint. This change is given
by the last term in each of the above equations and is a function of the half-
depth of the groove, A, and peak-to-peak circumferential length of the groove,
w. The change in sealing force for a unit half-depth of groove is:

A Rg _ D(2n[y}3cos(2nz/wl;

A sinh(4nf/w)-2(2rt/w)

{(1-v)2(2n£/w) 21 (1) 24 (1-v) () coshz(Zﬂ//w)}

This change in sealing force was calculated for a seal of constant width leg
with a lip, Fig. 51.9. The peak of the groove is considered (2z=0) and the
dimensions are those of case 2. Note that in the curve the half-groove

depth is given in mils. As w becomes larger the change in sealing force for

a one mil deflection, from a zero mean deflection, is the same as the sealing
force for a one mil end deflection for a constant width seal leg with a lip
seating on a perfectly smooth surface.

If y, and p are zero in equation (78) the change in sealing force
is the total sealing force. There is then a positive maximum value at x=0
and a negative maximum at x=w/2 , see Fig.5l.16 in the appendix. It is
physically impossible to have a negative Ry and this can only be interpreted
qualitatively that the seal leg is not in full contact with the flange face.
This means leakage will occur. To prevent leakage the sealing force must
always be equal to or greater than some minimum value. Assuming that the
initial deflection is just right to give the desired minimum sealing force
it is then possible to use the internal pressure to force the seal leg into
the groove. The pressure must be large enough to give a zero change in
sealing force in the bottom of the groove.

p = 84 RS/3£

The curve in Fig. 51.9 1is based on the dimensions for case 2 and
if in addition w is taken equal to the leg length, Z (.15 inches) and A is
taken as one tenth of yy, (.15 mils) the pressure may be calculated using the
above equation.The pressure is 10,000 psi, which is more than the expected
maximum value of the internal pressure (6000 psi). However, if w is ten
times the leg length the pressure required is only 120 psi. The pressure
increases linearly as A increases and exponentially as w decreases. It may
be concluded that it is extremely difficult to make the seal leg comply with
deep grooves with a small peak-to-peak length.

51-18
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3.6 Summary of Seal Characteristics

Pressure energized seals may be grouped according to the shape of
the seal leg. Three major types have been considered.

1. Seal with Straight Leg of Constant Width
Section 51.3.1

2. Seal with Straight Leg of Linearly Varying Width
Section 51.3.2

3. Seal with Straight Leg of Constant Width Without Lip
Section 51.3.3

The seal web is usually a ring which is much stiffer than the seal leg. There-
fore, the seal legs and the web have been considered separately.

Of particular importance in the design of pressure energized seals
is the sealing force obtained as a function of the internal pressure. Also,
the maximum stress in the seal leg is important. Both of these parameters
have been calculated as a function of pressure for the three types of seal
legs. The results are included in Sec. 51.5.9 in the form of curves for
each type of seal leg and are summarized in this section. Typical seal
dimensions were chosen. Most of the dimensions for the three types of seals
considered are identical and the others are equivalent. This makes it
possible to compare the seal leg characteristics directly.

The curves of sealing force versus pressure, Fig. 51.10 show that
the slopes of the constant width seal legs are the same with or without the
1ip and are steeper than that for the tapered leg. Also, from Fig. 51.25
it is seen that the slope of the curve for a tapered leg is a function of
the taper. The curves also show that the initial sealing force (p = 0 psi)
is higher for the tapered leg and a function of the taper. The ability to
vary the initial sealing force and slope of the curve in the case of a seal
with a tapered leg is a desirable factor in seal design. Another factor in
favor of the tapered leg is that the stresses are lower, Fig. 51.10.

The seal web is primarily a structural member and does not directly
affect the sealing properties of the seal. However, the sealing properties
are indirectly affected. The web must be sufficiently rigid to limit the
radial displacement of the seal lip when pressure is applied. Excessive
radial motion of the seal lip relative to the flange face may cause leakage.
Also, the web must not be too rigid so that the seal may rotate and allow
for differential radial motion of the flange faces without slippage. If the
seal is stiff in rotation of its cross-section the frictional couple from the
flange faces will not be large enough to rotate the seal and the seal lip
must slide on the flange face. This slippage may cause leakage.

The radial growth of a pressure energized seal as a function of
internal pressure and inside radius is given in Fig. 51,12. The seal leg
configuration and dimensions of case 2 were used. The web axial length was
taken as one-half the leg length, and the web thickness was calculated based
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on an allowable hoop stress of 80,000 psi. For an internal pressure of

6000 psi the web thickness becomes very large for larger radii. At these
pressures and radii a better design may be to use a small web thickness and
have the flange recess support the seal radially. A very wide seal web could
also be used with flat flange faces so that the web is a spacer between the
flange faces and the bolts pass through the web,
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51.4 Conclusions

A pressure-energized static seal may be chosen and designed using the
formulas and procedures in this section. The desired sealing- force char-
acteristics and gross flange deformation must be known. These are determined
fromi. a consideration of the flange face surface and seal lip coating, and an
analysis of the complete flanged joint and pipe. The type of seal leg is
chosen by making a comparison of the seal leg characteristics with the re-
quired characteristics., Then the seal leg and web are detailed using the
design formulas given in this section,

The seal leg with a linearly varying thickness and a lip on the sealing
end is the best design of those considered. This is due to the ability to
change the slope of the sealing-force-versus-pressure curve by changing the
leg taper. The uniform-thickness seal leg with a lip on the end is a special
case of the tapered leg. The other case considered, uniform-thickness leg
without a lip on the sealing end, has no advantages in its sealing-force
characteristics and has less advantageous stress characteristics.

The radial motion of the seal lip may be a cause of leakage. From
a consideration of the flange face and seal coating material, an allowable
maximum radial motion of the seal lip relative to the flange face is deter-
mined. The seal web dimensions may then be chosen to limit the radial seal
growth due to internal pressure. If the web dimensions become too large, it
may be necessary to limit the radial growth with a back-up ring or the flange
recess, Stiffening the seal web to limit the radial motion due to internal
pressure will limit the seal's ability to comply with differential radial
growth of the flange faces. 1In order to prevent relative motion of the seal
lip with respect to the flange face when there 1s differential radial growth
of the flange faces, the seal cross-section must rotate about its centroid.
If the seal is too stiff in rotation, the frictional couple applied by the
flange faces will be too small to rotate the seal, and slippage will occur.
Either type of slippage of the seal lip on the flange face is a possible
cause of leakage.

The ability of a seal to comply with a small radial scratch in the
flange surface will depend on the seal lip coating. The increase in internal
pressure needed to maintain the minimum sealing force in the bottom of the
scratch by deforming the seal leg is extremely large even for a scratch whose
width is equal to the length of the seal leg. It is possible to make the
seal leg comply with gradual flange face irregularities such as flange war-
page, but small sharp irregularities require the use of a soft coating on
the seal lip.

The use of beam theory to analyze the seal components that are more
closely approximated by a circular plate or conical shell was justified in
the appendix, Section 51.5.8. Calculations of the sealing force were made
using beam theory, plate theory and shell theory. Curves of the error using
beam theory instead of plate theory show that the error is less than ten per-
cent for a ratio of outside radius to inside radius of 1.2 or less. The
curves of the error using beam theory instead of shell theory show that the
error is less than ten percent for a radius ratio of 1.15 or less and an
angle of 15 degrees or less. The error increases more rapidly as the angle
increases than as the radius ratio increases.
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51.5 Appendix, Analysis of Various Types of Beams Which are Typical of Seal
Cross-sections.

51.5.1 . Straight Uniform Beam Loaded by Internal Pressure and End Restraint

The beam is built-in at one end and has a small leg on the free end
which is supported on the flange face. The internal pressure acts as a
uniformly distributed transverse load. However, even without any internal
pressure the beam is loaded, as the axial recess between flange faces 1s less
than the axial length of the seal.

—  —

NONNN

n
¢
—_—
= X
-

Rs —" Y4

(¥ -

The leg (n) is assumed rigid. The rotation of this leg results in a
moment being applied equal to m R_ sin ¢. However, this moment is only two
hundredths of the moment due to the force R at the built-in end and results

~in a deflection at the free end equal to thfee hundredths of that due to the
force R . Therefore, the moment arm is neglected. The deflection curve is
found b§ combining formulas 1 and 23 from table III of Ref. 3.

y= p(2x*+30%% -52x°) /48D + v, 32x% - x°)/28°

(D
2 2
The moment is flexural rigidity, D, times d y/dx .
2 2 3
M= p(4x” + £~ - 58x)/8 + 3y,D (£-x)/2 (2)
The maximum stress is the bending stress at the built-in end.
o =3pe?/an’ + 18y D/4%n° (3)
The sealing force 1s the reactive force RS.
R = 3pi/8 - 3y,D/8>
s L ) (4)
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, Setting p=o and substituting for D in equation (4), the initial
deflection, ¥, required for a specified sealing force may be found as a
function of thHe length-to-thickness ratio.

2 3
y,= - (WR/E) (1-v9) (4/h) (5)

Then specifying the maximum stress, the length, 4, may be determined
as a function of the length to thickness ratio from equation (3).

6yt | - ®
2 2
(1-v) (£/h) [4cm - 3p(£/h) ]

=

If the beam (seal leg) in the unstressed state is at an angle ¢ to
the flange face, only the sealing force is changed.

¢

Flange
Face
/"/'/’A/'/’7%T/ S S S
&/ Iq;
The end shear, Qﬁ’ is given by equation (4).
RS= Qﬂ/COS é | (7)
R,= (3/cos &) (pt/8 - Y, D/£3) (8)

Note that y, is still measured normal to the beam and is positive in
the positive y diréction.

Equation (5) chang;s slightly to:
3
y,= - (4R_/E) (1-y7) (4/h)” cos ¢ (9)

The moment at the built-in end is found from equation (2):

= g2 2
M= pl"/8 + 3y, D/t (10)
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51.5.2 Linearly Tapered Beam lLozded by Internal Pressure and End Restraint.

This case is identical to the previous case except that h varies
linearly.

h= a + bx (11)

NOAOANN

Rs
To find the deflection equation for the above beam requires the
integration of the differential equation of the elastic curve.

d2y :
D 2 =M (12)
dx
where
E + b )3 3
D= (a ; = (a + bx) /d (13)
12 (1 -47)

After integration the deflection equation contains three constants.
y= (d/2b4) [(Bap + bpx - 2bK1) log (a + bx)

+ (a/2) (ap - 2bK1)/(a + bx) - bpx} + K2 x + K3 (14)

The constants are determined by applying boundary conditioms.
2b4yo/d + 3aplog(14bi/a) - (bLp/2) (6a> + 9abl + 2b24%)/ (atb)>

K= ) ) (15)
2b log (l+bf/a) - b"£ (3bt+2a)/ (a+bid)
K= - (d/2b3) [p log (a+bf) + ap (3a + 4b£) - 2b (a+2bk) K,
2 (16)
2 (a+bi)
51-28
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K3= - (d/2b4) {}3&p - 2bK1) log (a + b4)
1 [ av? - a2

5 1
2 (a+bf)

s +p (2 - 4a’bs - 8ab2e2-2p4%) ]}-(17)

The sealing force, RS, must equal the shear force at x=0.

R= - K (18)

0f particular interest is the sealing force when the internal
pressure is zero.

2b3y

R = 0 , (19)
S bds (3b4 + 2a)/(a+bt)’ - 2d log (1+bt/a)

The bending stress at the built-in end is usually the maximum stress.
However, this is not necessarily true for a tapered beam.

o =30 (pl + 2K1)/(a+bz)2 (20"

The above equations are too complex to arrive at simple design
formulas. The end defection, y,, required to give the minimum sealing force
when the pressure is zero is found from equation (19).

d Ry bl (2a + 3bf)

2b° (a + bs)?

- 2 log (1 + b4/a) '(21)

Substituting y in equation (15} for K. and substituting K, in
equation (20) for o gives one equation relating a, b and 4. Known are p,
E, 7, RS and om However, the relationship for a, b and £ is complex and
nonlinear. ’

o _= 32

m —————————'{pﬂ - 2R
- (a + ba)? s

[——b” > (6a” + 9abs + 26%4%) - 6a log(1 '+ bﬂ/a>] }
+p

(a+bt) (22)

b[ BL__ (22 +3bs) - 2 log (1 + bZ/a)]
(a+bi)
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By choosing two of the three variables, it is possible to solve for
the third. The leg thickness at the sealing end may be chosen smaller than
that at the web end, and just large enough to prevent local overstressing and
maintain manufacturability., Choosing the leg thickness at the web, hz, end
eliminates the natural logarithm terms from the terms involving the dependent
variable and results in an equation relating b and £ that is more tractable.
Also, a second simple relationship between b and £ is obtained.

b= (hz - a)/t (23)

The two equations for b and £ may be solved simultaneously. If the
values of b and £ so obtained are unreasonable, other values of a and hﬂ
should be chosen.

If the seal leg is at an angle # to the flange face, R_ in equations
(21) and (23) 1is replaced by Ry cos #. This means Rg is still an axial
force with a component normal to the beam equal to Rg cos #. The end
deflection Yo is still defined as normal to the beam.

51-3§‘3



51.5.3 Straight Uniform Beam Loaded by Internal Pressure and Moving

End Restraint

This case is similar to the case discussed in Section 51.5.1
except that there is no lip at the sealing end of the seal leg., The seal
section consists of a thick web with two constant thickness seal legs. The

¢

] __lli\!rz |

FIGURE 51.13 Cross-section of Seal and Flange Recess

flange faces may clamp directly on the web or be recessed and clamp only on
the seal legs. All of the seal designs considered have this option, If the
web is clamped by the flanges, the web load can only be determined by an
analysis of the total flange joint. This case will not be covered in this
section and it is here assumed that the seal sits in a recess. Therefore,
the web analysés of the following sections are applicable,

The seal leg is analyzed as a built in beam at a small angle ¢ to the
flange face. The leg is loaded by the internal pressure, p, and an initial
deflection normal to the leg, y, . As shown in the diagram below, the seal
leg length, (éf-_ﬁ ) is in simple compression due to the internal pressure
load and does not affect the leg length fi. An equilibrium diagram of the
L to ﬁi,length shows that the end shears and moments must be zero. There-
fore, there is no end moment on the seal leg, fi, and the end shear is only
the sealing force Ry acting at the distance ﬁi. This point of contact moves
toward the seal web as the restrained height, HR, is decreased or the
pressure increased.
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Flange
Face

D

FIG, 51.14

Cross-section of Seal Showing Loaded Seal Leg

The initial deflection, yj, is the deflection normal to the beam
when the pressure is zero. The corresponding active beam length is desig-
nated 2. Defining the distance k as the distance from the midpoint of the
axial weéb length to the flange side of the seal leg, the leg deflection at

4y is:

vy = (HR-k - £, sin @) / cos @ (24)

Likewise the deflection of the instantaneous end point of the active
beam length is:

vy = (Hp-k - £, sin @ / cos @
Differentiating the equation for the elastic curve of a uniform

beam gives a relation between the fourth derivative and uniform pressure
load,

p—SEL =p (25)

Integration of this equation gives four constants which are evaluated
from the following boundary conditions:
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y = 0 at x=0

(26)

[s7 [+ %
g
"

1
(2
®
=]
QA
o
t
]

n
=
[N

Note: ¢ is a small angle and the small angle approximations for the
trigonometric functions are made later in the analysis. If @ is large the
effective length of the seal leg,.ﬁi, will not vary much as the end deflection
or internal pressure are changed and the analysés of sections 51.5.1 and
51.5.2 are applicable,

The deflection equation for the seal leg is:
2
y = [5(1-v2)/(2zh3ﬂ x* - [pd, v /1 @)
3 2 3
+ 2(HR-k)/(£i cos @) - (tan @) /li] x (27)

+ [pﬁ%(l-vz)/(ZEh3) + 3(HR-k)/(ﬂi cos @) - (2 tan ¢)/£é}x2

As mentioned above, the section of leg Z to 2; has no end moment,
and the end moment at,ﬁi on the remainder of the leg is zero. This additional
boundary condition is:

2
d
M=D ;f% =0 at X = ﬁi (28)
X

Using this condition on equation ( 27) gives the following equation in li’

3
3 6Eh (HR-k)
4
L% 4 QEE_EE%_Q, Zi - 5 =0 (29)
p(1-v") p(l-v“)cos @

When p = O in equation (29) it may be solved directly for {.

'ZO = 3(H.R-k) /sin @ (30)
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Substituting for,f0 in equation (24) allows solving explicitly for cos @.
cos ¢ = -2(Hg-k) /yy (31)

Note this puts a restriction on HR, k and Yﬁ'
[ 2(H,-k) /Yﬁ( <1 (32)

The equation for the maximum bending stress at the built in end is:

2
PZ; - 2FH

- BIZh(HRZk) _ 2EH tan ¢ (33 -
2h Li(1-y5cos ¢ £i(1-,%)

The subscript 'i' is used to denote the stress for any pressure p, not

necessarily the maximum pressure. The corresponding active leg length is
j&. When reference is made to the maximum stress corresponding to the

maximum pressure, the subscript m is used. As this latter stress, &m, is
the largest, it is the stress for which an allowable maximum is specified.

By using equation (29), the pressure term may be eliminated from
equation (33).

3Eh tan ¢ 6ER (Hp -k)

ﬁi(l'Vz) Q%(l-vz)cos ¢ (34)

94

From equation ({31) the sine and tangent of @ may be determined

sin @ = 1//X[2 - 4(HR‘k)2 / Vi

e (35)
2 2"
tan @ = [/ y," - A(HR—k) / 2(HR-k)
Substituting these in equation (34} gives:
2 2’
3Eh o o- 4(HR-k) 3Eh vy
ag = ” = 36)
1 2, 2 (
29, (1-v%) (Hy-k) £,° v
51-34
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Returning to equa%ion (29) and combining it with equation (33)
a quadratic equation in /;{“ is obtained.

2 3
o -
20 h ,  2ER(H -K)

4
G A

2 =0 (37)
p(1-vT)cos ¢

Using the quadratic formula gives the solution forﬁiz. The minus sign is
dropped becguse the radical is larger than the first term and a negative
value of Ei gives imaginary values forlﬁi.

\
h 2Eh3(HR-k)

+ 7~ 7 2

9p p(l-y“)cos @

Then the solution for Ei must be plus so the negative root is again dis-
=

carded.
, o 18pE (H -k)
fi=[h 31 14+ /14 = ZHRZ (38)
P h 05(1-v)cos ¢

In equation (A-15) the following quantitative relations are noted when the
maximum value of pressure, p;, 1s used.

18p_E (H,-k)
: 2m Hg 7 1
ho “(1-v-)cos @
m
and (39)
18p E (H,-k) > 3
h(}mz(l-vz)cos @
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For example, if the following typical values are used for the parameters,

E = 30 x 106 psi - for steel
HR = .05 inch
h = .01 inch
k = .04 inch
P, = 6000 psi - this is maximum pressure
o = 60, 000 psi - this is maximum allowable strees
v = 3 - for steel
= 18°

then

= 33.1
' h cmz(l-vz)cos @

Therefore, equation (38) reduces to the following:

4 2 -
A Sl (40)
Zm =h 2
hp (1-v7)cos @
m
Substituting for cos ¢ from equation (31) gives:
4
-E y
8 = h ‘ 22 (41)
hp (1-v7)

The value of £ given by equation (41) corresponds to the maximum pressure
and Is the minimum active leg length.

The sealing force, RS, at length zi is:

3
P, EB" (R -k) en3tan g o
Rg = 2 cos @ 3 2 5. T 2 2
4,7 (1-v7)cos™¢ 24,"(1-v")cos @
53I-36
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Solving equation (29) for p and substituting in the above equation, and
also substituting for the trigonometric functions of ¢ give the following
equation for Rs’

. _
[y oy 1, /o 4o

R = (43)
s 3 2 2
8 7, (Hy-k)" (1-v)
For p = 0, equation (30) 1is used to reduce equation (43).
2 2] 3/2
ER’ }:% - 4(H k) ]
Ro (44)

216 yy (1-v)) (Hl0”

R° is the sealing force due to the clamping action of the flange faces.

Equation (44) may be solved for h explicitly assuming a value of
R, is specified for the particular application.

; 216(1-v2) yirzo(uk-k)4

h = =~
3/2
E [yﬁz - 4(H.R-k)2]

Substituting in equation (41) for ho: .

(45)

4 -
2
(H, -k) V/;16 ¥y R /p
£, == e 2 22 R (48
[%? - atri0? |

The seal leg design assumes prior knowledge of the material
properties, E and y, the minimum sealing force, R _, and allowable stress,
0 n. The value of 0 . is not explicitly used, but the derivation of
equation (41) does depend on the value of ¢p being in a certain range.
With these parameters known, the equations in this section may be used to
determine the leg geometry.

Assume values for H,, k and y, and calculate the active leg length

for zero pressure (see equation below) and for maximum pressure (equation
46), Calculate the seal leg thickness (equation 45), Revise the values

3 yy (H,-k)
4 - - LR
V a0

51-37

49

) (47)



of HE’ k and yy until reasonable design values of £ , £ and h are obtained.
If this method does not converge sufficiently well e mgy be necessary to
select all the geometric parameters and just make check calculations to
determine whether the sealing force (equation 44) and allowable stress
(equation 36) are within the required limits.
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51.5.4 Web Design Formulas.

The loads on the seal web are the internal pressure and shears and
moments from the seal legs.

W ez zz277)

NV, Wzzzzz 777

L From Centerline
s

The shears will not result in high enough compressive stresses to be
concerned about. The ratio of web thickness t to the mean radius r. is very
small. Therefore, the web section may be analyzed as a beam of length L with
equal and opposite moments on each end and a plane of symmetry at L/2. The
bending stresses at the plane of symmetry are found from beam theory.

o= 6 M / ¢? (48)

The maximum stress in the leg is given by an equivalent formula where
t is h. Therefore, the first requirement is that tZh , the leg thickness
. o
at the built-in end.

The second requirement for the web design is that the membrane stress
is within the allowable. The minimum value of t may be calculated.

t=p 1, /om (49)

The larger value of t is chosen. This is a conservative valye,. as the
whole radial pressure load is assumed to be taken by the web. For a more
detailed analysis, see Section 51,5,5, The determination of L is also des-
cribed in that section,
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51.5.5 Radial Deflection of Seal Due to Internal Pressure.

The radial deflection of the seal is important as any radial move-
ment of the sealing lip relative to the flange face may disturb the seal and
cause leakage. Relative radial motion of the sealing lip is always present.
However, there may be a tolerable amount for which it is possible to design.

—> &+

h
¥
i () L,
U =N
| JUER AT L
L
R £ 3
2 ?

L, |

- I >

Due to symmetry, only half the seal cross section is considered.
Rings (1) and (2) are assumed simple rings. Because ring (1) is radially
stiffer than ring (2) it will carry some of the pressure load on ring (2).
The redistributed pressure loads are represented as Py and Py and are related
to p by the equation.

Pty Ly ¥ Py vy Ly =p(ry Ly + 1, Ly) (50)

The strains in both rings must be equal:

Py /(r3- r)=p, /(r3-r2) (51)
Equations (50) and (51) are solved for p. and p_, . Using the
value of p, so found, the radial deflection of tée seal lip, Sr, is found.
. e 2 - -
&p=(pr, /E)(r1L1+r2L2)/[r1L1(r3 r1) +r, L2(r3 r, ] (52)

The following relations are noted on the diagram.

L,= h (of the leg at the web)

1

r2= £ + r1

=r, + t
3~ I (53)
L = 2(L1 + L2)
Substituting these relations in equation (52):
51-40
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Pr 2

r E[t + r he/(Lx /2 + L2£)]

In equation (5¢4) Lr1/2§>L22 and the equation may be reduced:

r”2
Pty

r E (t + 2h/L)

® (55)

Equation (55) may be used to determine the web length, L. Once the
seal leg has been designed it remains only to specify & . Allowable values
for Sr will be determined from tests and experience. r

2
L= 2h£/(pr1 /E 5. - t) (56)
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51.5.6 Rotation of Seal Section Due to an Applied Moment.

Differential radial expansion of the flange faces as the result of
non-uniform temperature or dissimilar metals results in a moment being
applied to the seal in the plane of the seal section. The larger the
differential expansion the larger will be the moment and the more likely is
sliding to occur between the seal lip and flange face, A small amount of
sliding is probably tolerable, but a point may be reached where leakage
occurs. It seems desirable to design the seal to allow a small amount of
differential radial growth of the flange faces without sliding of the seal
lip.

Consider a seal of arbitrary section to which a couple is applied.
The forces are radial in direction, tangent to the flange face and applied at
the seal 1lip.

Centroidal .

F Axis e
— A
‘HR

foge——— .

The applied moment is ZHRF where F is the friction force between the
seal lip and flange face. The friction force is equal to the sealing force
times the coefficient of friction.

F= u Rs (57)

The problem of a ring subjected to an applied moment is solved in
section 138 of Ref.1 . The angle of rotation of the seal section and the
maximum bending stress are given.

A= 2R H, r22/E I (58)

_ 2
Om= 2MRHRTT /T, (59)

The differential radial motions of the sealing lips is given for
small angles of rotation.

o= 2 Hf (60)
51-42
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Substituting for @ gives.

_ 2 2
= 4 RSH r, /E Ic (61)

6D R

Combining equations (59) and (61),
g =
o E SD/Z T, (62)

Equation (62) allows quick checking of the maximum bending stress
based on the value of SD chosen. The desired value of IC may be calculated
from equation (61)

2
= 2
I, 4uRSHR t, (E&D. (63)

I 1is the sum of the area moment for the legs and the web. It is
assumed ¥n equation (63) that the leg has been designed. Therefore, the-
value of Ic calculated will effect only the web design.
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51.5.7 Straight Uniform Beam Loaded by Internal Pressure and Sinusoidal

End Restraint.

All of the previous analysés have assumed a perfectly smooth flange
face surface. This idealization is never met in practice. There are always
irregularities in the surface. Although there is nothing regular about the
surface imperfections a simplified model is chosen for the analysis. The
choice of model is based on the fact that a radial scratch offers the best
leakage path. A circular scratch may not offer any leakage path.

The leakage path chosen is a radial groove in the flange face with

a sinusoidal cross-section. Part of the metal is assumed raised above the
flange face. As shown below the cross-section is a deep valley between two

r‘_ v ""l Mean Depth
// / R

- ou of Groove
I, \ t A Jr
i \ L ! A
7 ' 7 AL LA y
¥ /§>-/ L A
\ ¢ - I- :‘
\ /I e \\‘ ;
L——————J,—- z
FIG. 51.15
Circumferential Cut Through a Radial Groove
21z

hills. The shape is assumed sinusoidal, A cos It is further assumed

that the single groove is part of a sinusoidal surface waviness as shown by
the dotted lines.

The pressure-energized seal considered has a '"U'" shaped cross-
section and straight legs of uniform thickness. Just as the seal leg
analyzed in Section 51.5.1, the sealing edge is a small lip which is
assumed rigid. The web is also assumed rigid and therefore, the seal leg acts
ags if built in at the web end and simply supported at the lip end. The
loading of the leg is due to the restraint of the flanges and internal press-

ure.

Of particular interest in this case is the relationship between the
pressure load and the sealing force in the bottom of the groove. Compared
to a perfectly flat surface how much more pressure is needed to maintain an
adequate sealing force? Also, how much more preloading by the flanges is
necessary and what is the increase in the seal leg stress?

The ratio of the outside seal diameter to inside diameter is assumed
close enough to one so that the seal leg, which is a flat ring plate, may
be analyzed as a continuous rectangular plate. Then as the pressure loading

51-44
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is uniform and the groove in the flange face is assumed part of a continuous
sinusoidal surface waviness, it is possible to select a length w of the plate
for analysis. In the hypothetical case of a continuous wavy surface this
length w is one cycle of the wave and in the physical model the length w is
the one groove of particular interest. The analysis for the seal leg con-
tacting a flat surface is in Section 51.5.1. In this analysis only the
gsinusoidal length w s considered.

The length w is a rectangular plate built in at one end and simply
supported on a cosine-wave shaped support on the other end. This is one
cycle of a cosine-wave which is assumed to repeat to either side of the
plate. Therefore, the boundary conditions may be determined from symmetry.

FIG. 51.16

SINUSOIDALLY RESTRAINED PLATE

The boundary conditions along the z = constant edges are:

z =0orw

33 33
v =-D{—L+(2-v)——-y—— =0
¥4 3 82

Z Z0X

The boundary conditions along the x = constant edges are:
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Ny

N

y=y/ - A cos (2nz /w)

2 2
w=-p Xy
X 2 azz

Note the mean edge deflection, yy, is shown in a positive sense. Actually
the seal leg is given an initial deflection in the negative y direction so
that an initial sealing force, Ry, is obtained. The initial deflection is
calculated from the following relation:

I ;) (64)
is the unrestrained axial half-length of the seal and is the restrained
half-length. For a perfectly flat flange face, was measured from the axial

mid-point of the seal to the flange face. However, in the case of a grooved
flange surface H, is measured from the axial mid-point of the seal to the
mean groove depth. The mean groove depth is not necessarily at the same level

as the flange face. c

! onnection

§A§Center Line
: |
S S S — - SN _% ji -

H Axial
i R mid-point

/TS A D——l“ '77‘/7

Flange Face

FIG. 51.17
RESTRAINT OF SEAL DUE TO FLANGE RECESS

The deflection equation for the plate is determired in two parts.
It is assumed that the deflections are small and the principle of super-
position applies. First the deflection equation for a built-in, simply
supported, and uniformly loaded continuous plate 1s determined. Then the
deflection for a built-in, sinusoidally restrained and continuous beam is
determined. The two solutions are added to give the total deflection
equation.
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Neglecting the sinusoidal edge restraint reduces the plate problem
to that of a wide beam (in the z direction) loaded transversely,

P

| ] —
_in

NSNS

L=< ’! N
ts
FIG. 51.18
Uniformly Loaded Plate with Constant Edge Restraint

The deflection equation for this configuration is equation (1).

y, = p(2x*-5hx+30 %) fasmbyy (Uxc) 1207 (65)

This solution satisfies the Lagrange plate equation

N (66)

and the boundary conditions at z = 0 and w and x = 0. At x = £ the moment
boundary condition is met, but the deflection boundary condition is only
partially met. That is, at_x'=_éﬂ =Y.

To complete the solution a deflection equation is determined that
satisfies the homogeneous Lagrange plate equation, A%y = 0, and all the
boundary conditions except the deflection at x = . 1In order that the sum
of the two deflection equations satisfy the boundary conditions the boundary
condition for the second solution at x = £ must be ¥y = -A cos (2nz/w).

A solution is assumed of the form:
Yy = -A cos(2nz /w)Y (%) (67)
where Y(x) 1s a function of x only. This function satisfies the

boundary conditions at z = 0 and w. The boundary conditions at x = 0 and
{/ are met by yo by making Y(x) meet the following conditions:

x=0

Y(x) = %f‘l =0 (68)
x= A4

Y(x) = 1 (69)
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Bzy 2
M_ = -D g +v'a§-|=o
x o 222 |

which is upon substitution:

2
? - v/ =0 (70)

Substifuting y., (equation 67) 1in the Lagrange equation results in a fourth
order differential equation for Y.

A%y Z(Zn\z 3y (2x ) 4 Y=0

5 w2 N (71)
The general solution to this equation is given on page 114 of Ref. 2.
Y = K4 sinh(2mx/w) + K5(2nx/w) sinh(2mx/w)
(72)
+ Kg cosh(2nx/w) + K7(2nx/w) cosh (2mx /w)
Applying boundary conditions the constants are evaluated,
Kg = 0
Ky =K
K = 2 cosh(2nf/w) + (1-v) (2xf/w)sinh(2nf /w) (73)
4 sinh(4nl/w) - 2(2nfd/w)
x = (HWsinh@rfAn + (1-3) (2nl/w) cosh(2xf/w) (74)
5 sinh(4nf/w) - 2(2xd/w)
Substituting in equation (72) for Y and (67) for Yyt
y, = -A cos(2nz/w) { K. (2mx/w)sinh(2mx/w) + K,|sinh(2mx/w)
2 5 : 4 (75)
-(2nx/w)cosh(2nx/wﬂ
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The complete solution for y is:

y =¥, (76)

where y; is given by equation (65) and y, by equation (75).. The edge
load, Ry, is equal to, but opposite in sign, to the total edge shear at

x=/.

R =-( > 5—1 + (2-V) —15 (77)
8 x—[ LBX %0z

Substituting for y from equation (76).

AD(Zﬂ/W)3cos(2nz/w)
sinh(4nd /fw) -2(2nl/w)

= (3pL/8)-(3y DI+
(78)

{(lw) 2(2:r£/w) 2+(1+v) %(1-v) (3+V) coshz(Zﬂl/w)}

The maximum stress at the built in end (x=0) is given by:

o =-6(M) /2
m %/ 420 h
Upon substituting for Mx this is:

18y,D 2
o =3EQ ,é EhA__[2x

m 4h2 ,ﬁ (l_YZ)\w

(79}

51-49



51.5.8 Justification of Beam Analogy

Consideration of the typical dimensions of commonly used static
seals leads to the conclusion that the sealing leg of the seal can be
analyzed as a beam. This simplifies the analysis and makes possible the in-
vestigation of changes in certain parameters, such as leg thickness, which
are difficult to treat in a plate or shell analysis. The accuracy of the
beam analysis is sufficient for design purposes and for analytical studies
of seal performance,

To verify the fact that the beam analogy is adequate, the error
resulting from the use of beam theory to calculate the sealing force for a
seal leg of the flat plate and conical shell type was calculated. The seal-
ing force was chosen because it is the most important parameter in the seal
design., A seal leg of uniform width, with the point of sealing fixed, was
used in the calculations.

o
oo
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51.5.8.1 Beam-Plate Analogy

The sealing force is the sum of two terms in both beam and plate
theory, One term is the force due to the initial restraint and the other is
due to the internal pressure. The error resulting from the use of beam
theory is defined as the absolute difference between the force calculated
using plate theory and beam theory divided by the force calculated using plate
theory.

R_(Plate) - R (Beam)l

€ = RS(Plate) x 100

(80)

This error is a function of the radius ratio and ratio of initial deflection
to internal pressure. As the initial deflection and internal pressure are
difficult to predict, the error was calculated separately for the case of
initial deflection only and internal pressure only. In this way the error is
a function of radius ratio only.

The sealing force using beam theory is found from the formulas in
Ref. 3. Equation (81) is the term

Rs(Beano = 3pr1(r2/r1—1)/8 (81)

R (Beam) = -y m’Eh>/[4r,> (wP-1) (x,/r;-1) 3] (82)

due to internal pressure and equation (82) is the term due to initial
deflection.

The sealing force due to the initial deflection is also found in
Ref. 3 for a flat circular plate.

Rs(Plate) = -2m2Eh3y£//{}r13(m2-1)
(83)
2

2
2m(r22-r12)-8mr2210g(r2/r1)+4r22(nﬂl) [}og(rzlrli)
-]_+

——
N

r22(m- 1) 47, % (mtl)

The sealing force due to the internal pressure is found from the
general solution for the Lagrange plate equation. The solution for a cir-
cular symmetric plate is:

r2 + K

r210g r+K2

4
y = pr /64D + K 3 log r + K, (84)

1
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The boundary conditions are:

<
[
o

x

N

7 2
1
o

(85)

The sealing force is the edge shear at r = ry- This is a function

only of
d3x 1 dzz 1 dy
.-D = - —
Ry ™ 3 tr 2 24 (86)
dr dr T
r=r
1
one of the constants of integration, K,. This constant is determined by

applying the boundary conditions to equation (84).

RS(Plate) = (pr1/8) {}nrl)(rz/rl)6 - (7m—5)(r2/r1)4
2 2
- (m+7) (r2/r1) + (7m+3) + 4 [_’(m-l-l) (rz/rl)
2
+(5m-1i](r2/r1) log (rz/rl)

2 2 4
-16(m+1)(r2/r1) t}log(rzlrl)] /// (m-l)(rz/rl)

+2(m+1)(r2/r1)2 - (3mtl)

2
q8m(r2/r1)210g(r2/r1) + 4(m+1)(r2/r1)2 [&og(rzlrli]vjz

(87)

The error in the calculated sealing force due to the initial
deflection resulting from the use of beam theory is found by using equations

(82) and (83) in (80).
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3 2
€, = 100 - [37.5/(1‘2/r1-1)]§r2/r1) -

. -2
2 2 2
2m| @c2/r1) -1 -8m(r,/r;) “log(r,/r )+4(r, / mtl)] 1 /
. [ 1 ] 2/T1 Ty/r)+a(r,/ry)( )[ og(r, r1)J (88)

(rz/rl)2 (m-1) +m+ 1

The error in the calculated sealing force due to the internal pressure
resulting from the use of beam theory is found by using equations (81) and

(87) in (80).

-~

100-300(x,, /£, ~1) {(m— 1y (x, /) %42 (mH1) (r, /) 2

m
]

(3m1) -8m(r, /1) zlog(rz/rl)

4(mtl) (x /rl) [log(r /r) A{/]///{?;-l)(r /rl) (89)

(7m- 5)(r /r ) —(m+7)(r + (7m+-3)

+

+

4[:(m-|-1)(r2/r1) 2+(5m-1)j (rz/rl)zlog(rz/rl)

9 T - 2
16(m+1)(r2/r1) [log(rz/rl)j

€ and € were calculated for values of the radius ratio from 1.0
to 1.4. ¥hese reBults were plotted, Fig. 51.19 and are very closely
approximated by the straight line equations:

51.62 (1-r2/r1)
(90)

€ -
> 18.66 (1 r2/r1)

Note the error in the calculated sealing force due to the initial deflection
is nearly three times that in the calculated sealing force due to internal
pressure. This does not mean that the error in calculating the sealing

force is the sum of thesetwo errors, but it will be somewhere between the two
curves. From the curves for sealing force versus internal pressure it is
seen that the sealing force at 6000 psi is approximately six times that at
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zero psi. An expression for the total error may be found from the two errors
previously calculated and the sealing force ratio.

100+ 4+ 6 100+ .
ey( SE) ep( ey)

€ =

T (91}

100+ + 6(100+
( Ep) ( ey)

Using this formula a set of curves of total error versus pressure for comstant
radii ratios were calculated, Fig. 51.20. These curves show a marked de-
crease in the error as the pressure increases. Above 4000 psi the error in
the sealing force is less than ten percent even for a radius ratio as large

as 1.4. For a seal with a seal leg length of .2 inches this means that

beam theory will give answers accurate to within ten percent for internal
radii as small as .5 inches.
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51.5.8.2 Beam-Shell Analogy

The sealing force using beam theory was readily found using the
formulas of Ref. 3, where § is the cone angle.

RS(Beam) = 30p cos? p/8
+ Eh3(HF - Hp) cos @/ ¢4(1 - vi e (92)

The sealing force using shell theory is not readily found, and it is not
possible to determine an expression for the error which is a function only
of radius ratio and cone angle. The error is defined like the error in the
beam-plate analogy.

RS(Shell) - Rs(Beam)

€ = R (Rl x 100 93)

The sealing force was calculated, using the following for the parameters:

30 x 106 psi
.015 inches
HF - HR = .01

= ,15 inches
6000 psi
.3

< YU =
]

The begm-theory results were easily calculated by hand, using equation (92).
The shell-theory calculations were done on a digital computer, using an
existing computer program. The results were combined and the error calculated
as a function of radius ratio, Fig. 51.21 and cone angle, Fig. 51.22. Note
that the error increases very rapidly as the cone angle increases, particularly
for angles larger than twenty degrees.
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51.5.9 Calculation of Seal Characteristics

A number of different seals were analyzed in this report. In order
to illustrate the characteristics of these seals and obtain a comparison of
these characteristics, typical dimensions were chosen and numerical values
calculated. The action of both seal legs and webs was calculated. These
calculations should be an aid to the designer in selecting a type of seal
and in determing the seal dimensions.
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51.5.9.1 Seal with Constant-Width Leg

Of the various seal legs, this 1s the simplest. It is analyzed using
beam theory in Section 51.5.1. As for all seal legs, the sealing force is of
primary importance and the maximum stress of secondary importance. The seal-

ing force was calculated using equation (4). The following parameters were
used:

Curve 1 2 3

E psi 30x106 30x106 3Ox106
h inches .029 .0251 .0224
£ inches .15 .15 .15
yzinches - .001 -.0015 -.002
v .3 .3 .3

The sealing-force-versus-pressure curves are straight lines, Fig. 51.23,

Note that slopes of all three lines are alike and that there is a greater than

six-fold increase in sealing force from zero to 6000 psi pressure. From

equation (4), it is seen that the slope is proportional to the length of the

seal leg. Cutting the leg length in half will decrease the ratio of sealing

force at 6000 psi to that at zero psi to slightly over three. Adjustment of

the slope of the curve is possible within reasonable limits. To achieve a desired slopc
may necessitate an impractically long or short seal leg. For this reason the

other seal designs should be considered.

The curves for maximum stress as a function of internal pressure
were calculated from equation (3). Note that seal-leg dimensions were chosen
to give a complete stress reversal as the Pressure increases from zero to
6000 psi and to give specified end stresses. This design method optimizes
the use of the material for a particular maximum allowable stress,
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51.5.9.2 Seal with Leg of Linearly Varying Thickness

The linearly tapered seal leg was analyzed in Section 51.5.2. The
equations, although more complex than the previous case, are amenable to hand
calculations. Note that once the geometric parameters have been substituted
in the equations, they are linear functions of the end restraint and internal
pressure,

Four cases were chosen, each with a different taper but all with
the same mean width., The case with zero taper is case 2 of the previous
section., Only the amount of taper was varied in order to highlight this
effect. One of the cases has a reverse taper.

Curve 2 4 5 6

a inch .0251 .0301 .0201 .0151
b inch 0 -.0667 L0667 . 1333
E psi 30x106 3Ox106 30x106 30x106
£ inch .15 .15 .15 .15
yzinch -.0015 -.0015 -,0015 -.0015
\ .3 .3 .3 .3

The beam is given by equation (11).
h =a+ bx (11)

The sealing force as a function of initial deflection and internal
pressure is given by equation (18) of Section 51.5.2. Note that as the amount
of taper is increased, with the web end of the leg becoming thicker, the
sealing-force curve becomes more flat. The ratio of sealing force at 6000 psi
to the sealing force at O psi is 4.3 for curve 6, with maximum taper, compared
to a ratio of 6.8 for curve 2, without taper.

The slope of the curve is determined by the coefficient of the
pressure term. By setting y =0 in equation (18) and grouping the parameters,
the following equation is obtained:

3
R 2(9§}+ 9(34
=S = a i@
P£ 2
4(E£ }1 + lJﬁ) log | 1 . )— 6
a a : a
Note that bg/a is the change in leg width divided by the leg width at the

1
lip end, This is related to the ratio of the leg width at the web end to
that at the 1lip end by the relation:

2
b
1+ a) ].Og —a

o o]

a a

2
+ 6

bt} _ ¢ 1+ 24 )
a

(94)

‘h(web) ; bg+a _ by
h(1ip) a - at ! (95)
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Therefore, the slope of the line R versus p is a function of the leg width
ratio and leg length. Rs/EZ,is plgtted as a function of leg width ratio on
Fig. 51,26, This curve shows that the slope of the R_versus p curve decreases
as the leg width ratio is increased and the leg lenggh is decreased.

The curve of maximum stress as a function of internal pressure,
Fig.51.27, shows that the maximum stress decreases as the web end width is
increased relative to the lip end width. This adds another reason for having
a tapered seal leg whose width gets smaller toward the lip end.
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51.5.9.3 Seal Without Lip

The seal description and analysis are covered in Sections 51.3.3 and
51.5.3 of this report. This seal behaves differently from the two seals
already discussed in that the point ot sealing moves as the internal pressure
and initial deflection are increased. The seal is at a very small angle to
the flange face and as it is forced against the flange face part of the leg
at the free end lays flat along the flange face. This part is in simple.
compression and has no effect on the remaining length of leg which is
referred to as the active leg length.

This extra variable complicates the computations and makes it
difficult to choose the parameters so as to obtain an exact comparison with
the seal geometries for the previous two cases. Because the leg length
decreases with increasing pressure a length slightly larger than that used for
the previous cases was chosen. The material properties chosen are the
same. The maximum allowable stresses are the same, but unlike the case of
a uniform width leg with a lip, only the stresses on one end of the pressure
scale approach these values.

Curve - 7 8 9

E psi 30x106 30x106 30x106
[g inch i .2 .2
Ro 1b/in 60 80 100
v .3 .3 .3
R psi 60,000 80,000 100,000

The calculated seal leg width for all three cases is .0346 inches and the
end restraint is:

Case Ve inches
0014
8 .0019
..0023

The calculated value of the active leg length as a function of internal
pressure 1is given by Fig. 51.28. Note that the change in active leg
length decreases as the initial deflection increases.

The sealing force versus internal pressure curves, Fig. 51.29
are similar to those for a leg of uniform width with a lip. Curve 2 has
been added to show the similarity. The curves are nearly linear and of
approximately the same slope as curve 2.
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The stress-versus-pressure curves, Fig, 51,30, show that the maximum
stress is equal to the allowable for the respective curve at zero pressure.
As in the case of the other seal legs, the stress decreases as the pressure
increases. However, unlike the other seal legs, the stress does not reverse
itself,

The calculations are based on the equations derived in Section 51.5.3
of this report. Starting with equation (34) and substituting £ and cos ¢
from equations (30) and (31) respectively gives:

o = 2Eh tan>g /[Byz (1-v2)1 (96)

Combining equations (30) and (31)
tan @ = - 3yz/2ﬂO (97)

Substituting in equation (96)

_ . 2 2
v, = 2=y Yy O o/3Eh (98)

The sealing force, R , for zero internal pressure is obtained by setting
p = 0 in equation (42), Then using equations (31) and (97) the equation for

R 1s:
o]

R = - EhYyy / [4 L, 3(1-v?) cos ¢} (99)

From equation (97) the cos @ is:

2
cos @ = 21{0/\/ 9 Yy + 4 ﬂo 2 (100)

Substituting for cos @ and y, in equation (99) from equations (100) and (98)
respectively gives the following equation for h.

h4 + §(1- 2) 23 ? 2/E2 h2 ;6 R 2 y) 2/ 2\ =0 (101)
v OU ' - (o] (o] OO fﬁ

(o}

Values of v, EO, GO, E, and R were chosen and h was calculated from equation
(101). Then y, was calculated from equation (98).

Substituting for cos @ and tan @ in equation (29) from equations
(31) and (97) respectively gives;
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3 2,
p = 3Eh7y, {1/[0 - 1/&}/@30-\} )J (102)

The curve of active leg length versus pressure was calculated from this
equation,

Using equations (35) and (97) in equation (43) gives:

Rs = EhBSin G{AQO/B - ﬁi}/[Z(l-vz)EiBJ (103)

From equation (97):

sin ¢ = -3§£/// 9$Z2 + 42;2 (104)

and the equation for RS is:

R, = - 3Eh3yZ 4,@0/3-?1}/[2(1-\)2){13 /9322+4E°2J (105)

This equation was used to calculate the sealing force as a function of active
leg length. The results were related to the pressure by the use of the cal-
culations based on equation (102).

The stress equation was found by using equations (31) and (97)
in equation (34).

o, = 3Eh%1§’3/2£0 - l/Féh//L?i(l-\?{f

The stress calculations were made using this equation and related to the
pressure by equation (102).

For all three cases the angle between the seal leg and flange face
is very small ( .60, .8° and 1.0° respectively for cases 7, 8 and 9). This
was true for all the combinations of parameters tried unless ¢ was specifical-
ly set larger.

The mean active length for the three cases is slightly higher than
the leg length for the previous cases. Another calculation was made
specifying the mean length equal to the length of the seal leg of uniform
width with a lip, case 2., The parameters used were:

E = 3Ox106 psi

h = ,0251 inch
Z(mean):= .15 inch

i = ,0015 inch

v = .3 51-74
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The equations for the calculations were also derived from those in Section

51.5.3 of this report in a similar manner as those derived for the preceding
calculations. The results have been combined in one figure, Fig. 51,31, '

Another set of equations were derived in which the stress at 6000 psi
internal pressure was made of equal mggnitude to that at zero psi. Calcu-
lations were made specifying E (30x10 psi), v (.3), Ro (o x10-3), and g,
The resulting values of the active leg length at zero pressure, ﬂo, were too
large, and the calculations were not carried further.

6, psi £, inch h, inch
60,000 .529 .0563
80,000 .7054 .0651

100,000 .8818 0727
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51.5.9.4 Radial Motion of Seal Lip

The radial motion of the seal lip due to internal pressure and
differential radial growth of the flange faces was analyzed in Sections
51.55 and 51.5.6. Equation (55) of Section 51.5.5 gives the radial growth
as a function of internal pressure, Using this equation,calculations based
on the seal-leg dimensions used in case 2 were made. The web dimensions used
were determined from equation (49) of Section 51.5.4,and L was chosen as 1/2 of
£. This gave an expression for Sr as follows:

£2
5, = r,+ 4
E|l—— + 4h
m 1
P )

The calculations based on this equation are given in Fig. 51.12. Included
is a curve of web thickness, t, as a function of inside radius, r,, for a
constant pressure of 6000 psi. Note that the other curves in the figures
are based on the value of t calculated from equation (49) of Section 51,5.4.

The differential radial motion of the seal is the maximum displace-
ment the seal can accommodate without having slippage between the seal lip
and flange face, That is, for a differential radial growth of the flange
faces less than 3, the seal will rotate and the.seal lips will move with the
flange face without slippage. If the differential radial motion of the
flanges is greater than SD, the seal lips will slide on the flange face and
leakage may result,

Calculations were made using equation (61) of Section 51.5.6 and
equation (49) of Section 51.5.4. I 1in equation (61) was calculated using
equation (49). The seal-leg dimensfons and material properties of case 2
were used, The coefficient of friction used is a mean value for Teflon
taken from the curves in Chapter 12 of Ref. 4. 1In accordance with the dis-
cussion of Section 51.5.4, the web thickness was not allowed to become less
than the seal-leg thickness. For this reason the curves, Fig. 51.32,were
begun at an inside radius of one inch and the lowest pressure used is 2000
psi. Smaller radii and lower pressures could be considered if necessary.
It is noted that there is a finite 5 versus r, curve at zero pressure as
the initial deflectiom of the seal legs result5S in a normal force between
the seal lip and flange face which makes it possible to apply a frictional
moment on the seal,

The curves were not continued past a differential radial motion of
.025 inches because the assumption of a small angle of rotation of the seal
does not continue to be valid,and in the case of no internal pressure the
seal lips rotate away from the flange faces when & is greater than .0247
inches. The small-apngle approximation made in the analysis is that the sine
of the angle is equal to the angle in radian measure. The seal lips will
break contact with the flange faces when the angle of rotation becomes so
large that the seal lip-to-lip distance times the cosine of the angle is
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less than the height of the flange-face recess. When the pressure is zero,
y = 0.

and the angle @ is readily determined. For finite pressures y is a function
of the pressure, and the value of @ when (HF+y)cos¢=HR, increases with p.

A/////////&//////
\(G"l {
; 2
\ Hp

/ \\ ;ST 77
2(HF+y)

\

2 (HF+y) cos @ £ 2 Hp

FIG. 51.33
ROTATION OF SEAL CROSS-SECTION

However, the relationship becomes non-linear and more difficult to solve.
For a seal with a 10 inch inside radius, the results of linear theory are
that for 6000 psi®p is .087 inches and for zero psi ® is .0l4 inches.
The larger number is not accurate. Op for 6000 psi should be lower. How-
ever, the curves do show that not only because of slippage between the seal
lip and flange face, but also because of seal and flange separation leakage
may occur,

The seal rotation also causes additional hoop stresses and may
overstress the seal. A 4.7 inch inside radius seal when subjected to an
internal pressure is stressed in hoop tension to its allowable maximum of
80,000 psi (using dimensions for case 2). 1If in addition the seal is
subjected to a differential radial motion of .025 inches the additional
hoop stress is 76,800 psi. This is calculated using equation (62) of
Section 51.5.6.
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52. HOLLOW METALLIC O-RINGS
by

B.T. Fang

52.0 Summary

Metallic O-rings have been used extensively as static seals under
extreme temperature and pressure conditions. They are made of metal tubing
formed into rings by welding the two ends together. A spacer or recessed
flange must be used to limit the compression of the O-ring. When the connector
is assembled, the O-ring is squeezed to the desired thickness and also expands
radially so that it is tight against the back-up material provided by the
spacer or the flange. The O-ring is often coated with a material such as
Teflon or silver that can flow into the asperities of the flange and make a
leak-tight joint.

There are three basic types of O-rings; the difference in their
construction is evident from the following figure,

S

N

Standa¥d Metallie Prassure-Filled Pressure Energized
O-ring O=ring O-ring

FIGURE 52.1 Three Cemmon Types of Metallic O-ring

The standard O-ring is the most common of the three. The sealing force is
derived from the initial compression and maintained by the resiliency of
the O-ring. At high pressures there is the danger that the internal pressure
may become larger than the sealing stress. Furthermore, the high pressure may
cause the O-ring to buckle. The pressure-filled O-ring is filled with an
lnert gas at usually about 600 psi. At high temperature this gas expands
and tightens the seal, while at low temperature it has the reverse effect.
Because of the enclosed gas, the pressure-filled 0-ring ¢éan withstand higher
pressure before buckling would occur. The pressure-energized O-ring has holes
drilled in the tube wall, and the pressure inside the ring is the same as
the pressure in the system; therefore, the higher the pressure in the system,
the greater is the sealing force.

52-1

81



A general elastic analysis of O-rings is given in Section 52.4. This
i1s not only a prerequisite to a more general elastic-plastic analysis but also
yields some useful information which is applicable despite the presence of
plastic deformation in the practical application of O-rings. Among the
conclusions are:

(1) Within the elastic theory, all three types of 0-rings behave
similarly. 1In particular, they all may have the same pressure-
energizing effect.

(2) The use of a retaining ring or other mechanical back-up is
desirable because it increases the pressure-energizing effect
considerably.

0-rings currently in use are capressed to such an extent that large
permanent deformation occurs. Because of the plasticity and large deformation
effect, a theoretical analysis of the O-ring behavior becomes extremely dif-
ficult. Based on very much simplified assumptions, some considerations of the
plastic behavior of 0-rings are given in Section 52.3. The results obtained
include

(1) A conservative estimate of the sealing force.

(2) An estimate of the decrease of the sealing force when the
flanges tend to separate as a result of differential thermal
expansion, external loads, etc.

(3) An estimate of the area of contact between the O0-ring and
the flange.

52.1 Summary of the Results of Elastic Analysis of O-rings

One of the primary requirements of face seals such as metallic O-rings
is to maintain sufficient sealing pressure between the O-ring and the flange
surfaces. 1In order to find out the variation of sealing pressure with the
bolt load, the internal and external pressure, and so forth, we need to know
the load-deflection relations. The deflection parameters of importance are
the shortening of vertical diameter of the tube 8y and the increase of the
outside diameter of the O-ring By. The elastic load-deflection relations
for the four basic types of loading are obtained in Section 52.4 and are

summarized as follows:
F(1b/in)

-t a =ib r*- V

N

o)
/
-
l 2
SH

e

FIGURE 52.2 Axial Load
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(11b)

(27a)

(27b)

(37a)

- D = Spring constant of the 0-ring (11a)
s) 3 0.141
v b™ 10.149 - —
1+ 14.4/u
F _ D
SH b3 0.137 0.141 >
1+ 14.4/u
- %y
———————————— -~ 2
ﬂ;" [‘—
| | R(1b/in)
\ N
— o — — — ——— — v—— o= — —r N
-8
_v_
2
FIGURE 52.3 Radial Load
R _._ D
5 530 193 . —0-199 s ( Vm)(%]
1+ 14/u T
R_=_E) Eh/a
O a1 0,318 + 2/(1 + 14/u2)
O
____________ 3\”‘2
. o
| T(1b/in")
' i
______ A |
-av
2
FIGURE 52.4 Pressure Load on Half of Cross-Section
Ir _. D
5 b*0.25 - ——94333—5 - 0.636 (%)(iL}
1+ 14/u Hm
T _ Eh

0 a%f0.636 - —L18
1+ 14/u

52-3
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. ( | P(1b/in%)
\‘ /4
____________ 41__¥
-3
-V
2
FIGURE 52.5 Pressure Load on Entire Cross-Section
P -Eh
6— = 2 o (393)
v 2b7(1 - v/2)
P _ Eh
E; T ab(l - 2v) (39%)
Eh3
where D = - = bending rigidity
12(1 - V)
w2 =121 - Hp2/an
h = wall thickness
E = Young's modulus
V¥ = Poisson's ratio
m= 120 - v9)

The way in which these four types of loading can be combined to represent
the total load for each type of O-ring is illustrated by the examples of
Section 52.2,

In the above load-deflection relations p appears as an important
parameter. The physical significance of p is discussed in Section 52.4. For
most O-rings, py is small. Our results ae restricted to 12<10. Among these
load-deflection relations, Eq. (1) is of primary importance since it gives the
spring constant of the O-ring.

In addition to the load-deflection relations, we would also like to
know the stresses in the ring under load so that overstressing does not occur.
The stress and moment resultants under the four basic loadings are given in
Eqs. (10), (26), (36), and (38) of Section 52.4. When these resultants are
known, the stresses are given by

o) _No M
{ 9/ max h h2
Foluas = 3 <=3
@) max h h2
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It is in general not possible to ascertain by inspection at what angle @ the
right-hand side of these equations becomes a maximum under the particular
loading. However, this can be found out by using a computer program, since
the work involved isstraightforward.

33
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52,2 Illustrative Examples

We shall illustrate the application of the results of the preceding
section by considering O-rings of the following sizes:

(1) 5 0.D. x 1/4 x 0.012 wall, type 321 stainless steel

(2)20 0.D. x 1/4 x 0.012 wall, type 321 stainless steel

The parameter

2 2

w2 = 12¢1 - v2) b%/an)
2.96 (5" O-ring)

0.185 (20" 0-ring)

The bending rigidity
D = En’/12(1 - v?) = 4.75 1b-in
From Eq. (lla), the spring constants of the 0-rings are

D

v [0 149 - ———94131——5 b
| 1+ 14.4/p

118800 1b/in? (5" 0-ring)

16400 1b/in2(20" 0-ring)

i
)

If a unit compression load of F = 90 1b/in is required to seat the O-rings, the
groove depth should be smaller than the 0.D. of the O-rings by the amount

90 . "
8800 1*® (5" 0-ring)
90 "ol
16400 in (20" O-ring)

For this loadings, the bending stress is predominant (see Eqs. (10)). The
maximum stress occurs at the top and bottom of the O-ring.

6M
__ 90 _ 6Fbjl 2
(cﬂ)max T2 T2 {ﬂ N J

n’  h In(l + 14.4/u%)
1.32 x 10° psi (5" O-ring)
1.47 x 10° psi (20" 0-ring)

- 0.3'(

\09 max % }max

These are indeed very high stresses and outer fibres of the 0-ring would have
yielded locally. But plastic flow will be contained by the neighboring elas-
tic regions so that the load-deflection relations obtained previously will
still hold approximately.
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Suppose that after the O-rings are installed, fluid under a pressure of
300 psig passes through the connector, We would like to know the 0-ring
compression F for

(1) Standard O-rings

(2) Pressure-energized O-rings

The load on the standard O-ring is now a combination of the basic loadings
as shown when friction 1s neglected.

P = 300 1b/in®

N ;
1300 1b/in? E{::) = (i:) + ;z E‘
T b

EJ
T (1) (4)

+ <:I;§ T = 300 1b/in’

| 3)

From Eq. (39a) we obtain the shortening of the vertical tube diameter under
loading (4) as

s - - 2Pb2(l - 0.3/2)
v Eh

2.22 x 10"° in.

The extension of the vertical tube diameter under loading (3) is, from Eq. (37a),

Tb4[0.25 ] M—2 - 0.636(%) V}

_ 1+ 14/p .
v D
el

1.52 x 10”2 in. (5" 0-ring)
1.72 x 102 in. (20" O-ring)

The combined effect of loading (3) and (4) is that the vertical diameter of the
tube would extend by the amount

1.52 x 1072 in. (5" 0-ring)
1.72 x 10°2 in. (20" 0-ring)

1.52 x 1072 - 2,22 x 10™°
1.72 x 1072 - 2.22 x 10°°

Since the bolts clamping together the flanges are much more rigid than the
0-ring, these would-be extensions of the vertical tube diameter are almost
completely restrained. The corresponding increase in O-ring compression-
is equal to

52-7
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(spring constant) x (extension restrained)
0.0152 x 18800 = 296 1b/in (5" O-ring)
0.0172 x 16400 = 323 1b/in (20" O-ring)

The maximum stress due to loading (4) is small compared with that due to
loading (3). For loading (3) it can be seen from Eqs. (36) in Section 52.4
that the ratio between the bending stress and the membrane stress is
6M¢/h2
75— = 0(n) = 0(1) for both O-rings
Nﬁ/h

Therefore, the bending stress and the membrane stress are of equal importance.
It can also be seen from Eqs. (10) and (36) that the ratio of bending stress
for loading (1) and (3) is of the order of

Q%)=Muw

Therefore, an internal pressure of 300 psig adds a great deal to the stresses
in the O-ring, This is all the more important, since considerable addition
of the stress is in the form of membrane stress. " This indicatesthat an
0-ring of much thicker wall should be used. Notice that doubling the wall
thickness would reduce the membrane strsss approximately by half and the
bending stress by three quarters. The spring constant of the O-ring, however,
becomes eight times as large.

In considering the effect of internal pressure in the above, we have
not considered the relief of O-ring compression due to bolt and spacer extension.
Given the bolt and spacer dimensions, this can be calculated readily. However,
the spring constant of most O-rings is so small compared with that of the
bolts and spacer, that the relief of O-rifig compression is usually negligible,

For a pressure-energized 0-ring the load is a combination of the basic
loading (1) and (3)

. LF T = 300 1b/in?

(D (3)

This differs from the load on a standard O-ring shown on Page 52-7 only in the
absence of the basic loading (4), Since it is seen in the preceding case that
the basic loading (4) does not add much to either the deflection or stresses
of the O-ring, the conclusions reached for the standard 0-rings apply also to
the pressure-energized O-rinis. Thig is a very surprising conclusion, since
it shows that within the small-deflection elastic theory the standard O-ring
has self-energizing action just as the vented "pressure-energized O-rings.,"
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Another important conclusion can be obtained by reversing the direction
of pressure in loadings (3) and (4) for the standard O-rings. It can be seen
that in this casé the O-ring compression decreases with the increase of
external pressure. In other words, the pressure-energized O-ring is entirely
ineffective against external pressure unless a back-up ring is used.

We shall consider next that in addition to initial seating compression
and internal pressure, the ring is backed up by the flange (or a back-up ring)
which exerts a reaction force on the 0O-ring. Suppose that the inside diameter
of the flange is to be equal to the outside diameter of the compressed O-ring
so that during initial seating the flange (or back-up ring) will not react on
the O-ring. What should be the inside diameter of the flange? If the O-ring
is then subjected to 300 psig internal pressure, what is the reactive force
between the O-ring and the flange (or back-up ring), and what is the change in
0-ring compression? From Eq. (11b) we see that during initial seating the
outside diameter of the O-ring increases by the amount

3

b F[0.137 g i—l—‘ﬂ—]

1+ 14.4/u2

H D
0.00418 in. (5" O-ring)
0.00500 in. (20" 0-ring)

Therefore, the inside diameter of the flange should be 5 + 0,00418 in. for the
5" 0-ring and 20 + 0.00500 for the 20" O-ring.

When an internal pressure of 300 psig is now applied, the outside
diameter of the O-ring would tend to increase if it were not restrained by
the flange. Since the flange is much stiffer than the 0O-ring, we may assume
that these would-be expansions of the O-ring are completely suppressed. The
result is that there is a circumferential pressure R 1b/in between the O-ring
and the flange (or back-up ring) as well as an increase AF of the O-ring
compressions. The forces R and AF can be determined from the condition that

due to the combined action of R, AF and the 300 psig internal pressure.
We have already found

. -0.0152 in. (5" O-ring)
<v)300 psig  1-0.0172 in. (20" O-ring)
From Eq. (37b) we have
a2 (300) [0.636 - A_z]
1 + 14/u
30 x 106(0.012)
-]0.00227 in. (5" O-ring)
0.0518 in. (20" O-ring)
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Also

) AF/18800 (5" 0-ring)
VIOF  \AF/16400 (20" 0-ring)

and from Eq. (11b)

(AF)b3[0.137- 0.141 ]

1 + 14.4/u

(8H)AF 4.75

,
&F/21500 (5" 0O-ring)

AF/18000 (20" O-ring)

Similarly from Eqs. (27) we obtain

3 , .3 \[0.012
R(1/8) [0.193 - 219 4 (3O3n“)(o 125”
1 + 14.4/u : :

@Iy = - 4.75
-R/15400 (5" 0-ring)
-R/13200 (20" O0-ring)

0.318 + 2/(1 + 14/u%
30 x 10%(0.012) (1/8) /a2

@), = -

-R/10800 (5" O-ring)
-R/1330 (20" O-ring)

Therefore, from the equations

it
(o]

(8v)300 psig + (BV)AF + (BV)R

®w300 psig ¥ Clar + By = 0
we obtain
R = 732 1b/in
AF = 1180 1b/in

for the 5" 0O-ring and
R = 98.5 1b/in
&F = 404 1b/in

[

for the 20" O-ring.

Of course, the O-ring would have failed under such heavy load. The
result indicates
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(1) The use of a back-up ring is desirable since it increases the
0-ring compression.

(2) Clearance between the 0-ring and back-up ring may be needed to
avoid overstressing.

(3) As far as increasing the O-ring compression is concerned, the
reaction o f the back-up ring is more effective than the internal
pressure, This indicates that, for sealing against external
pressure, the tendency of the external pressure to relieve the
0-ring compression is more than compensated by the reaction of
the back-up ring. Therefore, O-rings can be used to seal against
external pressure, provided a back-up ring is used,

31
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52.3 Some Congiderations of the :Plastic Behavior of Hollow Metallic O-rings

Most of the hollow metallic O-rings currently in use operate in the
plastic range. A satisfactory elasto-plastic analysis is very complicated.
Some consideration of their plastic behavior are presented in this section
based on very much simplified assumptions. The results obtained include:

1. A conservative estimate of sealing force.

2. An estimate of the decrease of the sealing force when the flanges

tend to separate as a result of differential thermal expansion,
external loads, etc.

3. An estimate of the area of contact between the O-ring and the
flange.

They seem to correlate well with the limited experimental data available.

95
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52.3.1 Yielding Load and Estimate of Sealing Force

At the beginning of the process of tightening the connector, the
compression is small and the O-ring behaves elastically. The elastic solution
presented in Section 32.2 is valid. It was shown that the predominating
stresses are bending stresses. Therefore, for simplicity we shall neglect the
membrane stresses completely. The maximum bending moments occur at the outer
and inner surfaces of the top and bottom of the O-ring.

- Fb_
My =%
(40)
M9 = vM¢
The corresponding maximum stresses are
_ _6Fb
¢ Tth2
(41)
Og = VO,

where

is the compressive force

is the tube radius of O-ring

is the wall thickness of O-ring

is Poisson's ratio of O-ring material

< g oo

According to Mises' yield criterion, initial yielding at these points begins
when

04 ll-v+v2 = yield strength of material in tension test, Y (42)

or, the installation force causing the O-ring to begin yielding as

v __ ¥y
yield (43)

6b 1-v+v2

Further increase of load will spread the plastic zone both outward and in
depth. The load deflection curve will begin to deviate from a straight-line,
The deflection will still remain small since the plastic deformation will be
contained by the neighboring elastic material, With further increase in load
the plastic zone will finally penetrate the wall thickness at the top and the
bottom of the O-ring. The material at these points will have very small
bending rigidity and behaves more or less like a hinge. It can be easily shown

9%



that the bending moment causing the hinge to occur is 3/2 times the moment of
initial yielding if the small effect of work-hardening is neglected, i.e.

Mhinge - 1°5M'yie1d
1.5b _nxy (44)

n Fyield = 5
4\/ l1-y4y

We shall call the load at which the plastic hinge occurs the hinge load. It
should be expected that for loads greater than the hinge load, the deflection
of the O-ring increases very much faster even though unrestricted deflection
still does not occur because one hinge alone does not transform the O-ring to
a "mechanism'". Referring to a typical load deflection curve we are saying

that Fhinge corresponds to the point A

A

|

Fhinge _ A ————-———-\-—:

Load \\::iy

Fyield [

/ I

\\ I,_
Deflection

Fig. 52.5 Load-Deflection Curve of an 0O-ring

A rough estimate of Fhinge can be made that, similar to the bending moment

Fhinge = 1.5 Fyield
45
i h2y (45)
4y 1-vhv2
Referring to Fig. 52,6, it can be seen that F as given above serves as a

good lower estimate of the sealing force fg%nﬁgst O-ring applications.

A load-deflection diagram for a 1/8 in. tube size, 0.010 in. wall, type 321
stainless steel O-ring is given in Reference 1. It shows that the load-
deflection curve begins to deviate from a straight line at a load of
approximately 75 1b/in and large deflection begins to occur around a load of

120 1b/in. 1If we take Fyield as 75 1lb/in, Eq. (43) gives us the yield limit

of the material in tension as:

52-14

97



¢ = (75)15)(1/Lng/1-o.3+(0.3)(0.3i';»80,000 psi

7(0.01) 2
If we take 120 1b/in as Fhinge’ then
Fringe = 120775 Foio1q = 16 F iy

vhich seemsto correlate well with Eq. (45),

52.3.2 Spring Constant of O-ring When Flanges are Separating

After the O-ring is installed a conservative estimate of the sealing
force is given by Eq. (45) The sealing force decreases if the flanges tend
to separate from each other due to differential thermal expansion, adverse
external loads, etc. The amount of decrease of the sealing force depends on
the resilience of the 0-ring. If the effect of the change of the geometry of
the O-ring is negligible then it is a fundamental hypothesis of the theory of
plasticity that the spring constant of the 0-ring during unloading is approxi-
mately the same as the elastic spring constant of the O-ring. Indeed, this
fact is substantiated by the load-deflection diagram of Reference 1. The
elastic spring constant of most O-rings is given by Eq. (1la), For a non-
pressure-energized 0-ring the decrease in sealing force due to separating
of flanges is therefore

(spring constant of O-ring as given by Eq.(lla)) x (amount of separation)

52,3.3 Area of Contact Between 0-Ring and Flange

In the following we shall present a simple method of estimating the
area of contact betwéen the O-ring and the’ flanges based on energy considerations.
The work done by the compressive load can be approximated by the shaded area
in Fig. 52.6, i.e. '

( ) x (0-ring compression, &) (46)

Fhinge

Assume that all this work is done in flattening a portion of the O-ring and
that in the flattened portion, the moment is at the fully plastic moment
(Mhinge)' This part of the work is given approximately as

o~ 'lc_
2Mhingeg - 4MhingeSin 2b (47)
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MhingeF Mhinge

Equating the work given by Eqs. (46) and (47) and making use of Eqs. (44) and
(45) we obtain the following relation between the width of the area of contact

c¢ and the amount of 0O-ring compression &
LS §}z)
26 Sln‘b {4 (48)

For a 1/8 in. tube diameter O-ring compressed 0.035 in , the width of area of
contact 1is

0
1

s

1/8 sin 1716

0.053 in.

1

which seems to correlate well with the measured value of
c ¥3/64 in. = 0.047 in.
on one of the O-rings available to us.
The average sealing stress is of course the sealing force divided by
the area of contact. However, the sealing stress is far from being uniform
over the area of contact and the maximum sealing stress is much greater than

the average stress. The distribution of sealing stress has the general shape
of the shaded area in the following figure.

7

/ F/2 F/2

This is necessary because the flattened portion of the O-ring is at approximately

constant moment and in order to maintain a constant moment the sealing force
has to concentrate near the edges of the area of contact.
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52.4 Appendix - Elastic Analysis of Hollow Metallic 0-Rings

52.4.0 Introduction

The hollow metallic O-rings used as static seals are made of metal
tubing formed into rings by welding the two erids together. The three basic
types of O-rings (Ref. 1) are shown in Fig. 52.1. Essentially they are shells
under axi-symmetric loading. As a first step toward the general analysis, they
will be treated as elastic thin shells under axi-symmetric loading. Specifically
excluded from the present analysis are stability, large deflection, plasticity
and thick-shell effects.

The appropriate equations were given by Clark (Ref. 2). Much the same
formulation and symbols shall be used here. Fig. 52.7 shows the dimensions of
an O-ring and the coordinate axes. Also shown are our conventions about positive
senses of the stress resultants and load intensities.

R [/ Z . D
. 1 _
/rf \'\\ L
-~ N
1 1
|j——— a —3 b !

FIGURE 52.7

Co-ordinates for Elastic Analysis of 0-Ring

For most O-rings the ratio of tube diameter and ring diameter is small
and can be neglected in comparison with unity (b/a<€1). This makes the outer
half and inner half of the 0-ring structurally symmetric. It can be shown
from Ref. 2 that now the governing equations for an O-ring assume the following
simple form

a%

=5+ wv 8in @ = uR cos P (1a)
dg

2 dp
a7y _ H
;EE - uBsin @ = - W (1b)
where B8 = ¢origina1 - ﬂdeformed = rotation of shell
¥ = EEE H = non-dimensionalized horizontal stress resultant
Eh
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Je-= L im;bjrpvdﬂ = non-dimensionalized vertical stress resultant
Eh Eh

= non-dimensionalized horizontal load intensity

il
-
o
~~
i
1
<o
N

Poisson's ratio

1]

Young's modulus

oo ¢ 8
W

wall thickness of O-ring

When the rotation of the shell B and the stress function ¥ are known, the stress

and moment resultants are given by
2

N0 = % [Ilf cos f + 8 sin 0] (2a)
2
S I (e, ]
Ng = b [dQ) + Py (2b)
2
Q=% [-\lrsin¢+9.cos ﬂ] (2c)
3
- Eb” &
My = 2 3@ (24)
m b
MO = VM¢ (2e)
and the displacement components in the vertical and horizontal directions by
w = -b_j}ﬁ cos @ - e¢ sin @)d¢ (3a)
u = b‘JkB sin @ + €¢ cos @)dd (3b)
or alternatively
u = a(Ny - Wy)/Eh (3¢)
where the meridianal membrane strain
€y = (N¢ - VNG)/Eh (34d)

Our aim is to find solutions of Eqs. (1) which satisfy the prescribed
stress boundary conditions and are periodic in @ with period 2x.

Referring to Fig. 52.1,we see'that the load on the O-rings consists of
four basic types. The solution for each will be given in the following.

Proper combination of these gives us the solutions for the three types of
O-rings.
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52.4.1 Solutions for lLoading (a) - Uniform Axial Compression

* F (force per unit length)

This loading is typified by the initial seating compression.

For this loading PH =0
o o=-22 0P
Eh
L=+ 225 % - 1<P<0
Eh

We can expand the right-hand side of Eq. (la) as a convergent Fourier Series.

o0
ulcos @ = - J#& Z—zn-—— sin 2np
Eh T Ts4n® - 1

The solutions of Eq. (1) can be shown to be

B = EE%E E?Az sin 2n@ (4a)
En° T ¢
Vo= - % um;F‘%? 1 3 [AZ - A2( ) 1)] cos (2n - 1)@ (4b)
Eh° 1 (20 - 1) n n
2 2 A A
vhere A 4 M [2g4n +1), _22m+1) D2 - 1] 1
2 et L an? - D2 n+ 12 @20 - 1D el - D
(n = 1) 2’ 3, "') (5)

Ay =0

It is interesting to consider first the limiting case p»0. As is well-known
from the study of the bending of curved tubes (Refs 3, 4), this implies that
the flattening of the tube cross-section introduces negligible strain in the
circumferential fibres of the O-ring. Therefore, the solution should agree
with the corresponding case of the bending of a thin ring by equal and oppo-
site forces (Ref. 5) if the plate bending rigidity is replaced by the beam
bending rigidity. Indeed, it can be easily shown from Eqs. (4) that

Wp+0 =0 (6a)
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) szi?sin 2ng
=0 1D T n? - 1)
2
Fb™n -
<D tz(cos g -1 + ¢] 0< P<n
2
Fb™ (n
nT[Z (1 - cos @) + 0] -112P <0 (6b)
, S e as 3 2
where the bending rigidity D = Eh™/12(1 - V7).

This result is not only interesting in itself but also helps us to
improve the convergence of our solution, Eq. (4). We can rewrite Eq. (4a) as:

B = 5“90 + 8 7)
where B = EEE§ %j%z - ——-—%——————}sin 2n@ (8a)
Eh” 1L " a(4n® - 1)
umaF 2 =1 2g4n2 + 1) A2§n + 1)
= 3 || Tl [ 2 7 Aon T )
Eh 1n (4n” - 1) (2n + 1)

A
- —212—;—12} sin 2n@ (8b)

(2n - 1)2

The alternate form (8b) for B demonstrates its superior convergence to Eq. (4a)
for . The form (8a) is more direct for the actual numerical evaluation of
the series. Eq. (7) admits the following interpretation. Bu+0 represents the
solution for a fictatious O-ring with the same dimensions as the original 0-
ring but with the parameter u»0; P represents a correction for the finite
value of the parameter p. This representation is particularly advantageous

at large p when the convergence of Eq. (4a) becomes rather slow.

We can also improve the convergence of Eq. (4b) for Vby integrating
Eq. (1b) with B as given by Eq. (7). This is not attempted here because
Eq. (4b) for Vis already a faster converging series than Eq. (4a) for B and
because the transformation would devoid of a simple physical interpretation
as Eq. (7).

For most O-rings u%<1Q, and results of engineering accuracy can be
obtained by keeping one term 6f the series expansion for B and two terms of the
series expansjon for V. By neglecting A, in Eq. (5) for n = 1 and n = 2 and
noting that p'<10, we obtain approximately

A2 = L 7 (9a)
3n(l + pu/14.4)
~ 1 1
30 1202 (1 + 14.4/u%) or)
B gb2 sin 26 -
3n(1 + 14.47u2) (9e)
52-20

103



yz . mar 2.4 [cos gL L1+ 14.342 o 34
Eh” n(1 + 14.4/u%) ? 144/ 1
(94)

The stress and moment resultants can be obtained by substituting Eqs. (6b), .
(7), (9¢) and (9d)into Eqs. (2). For this loading the bending moments are the
predominating stress resultants.

Fb [- % sin @ +--l _ —2cos 2§ 3 } O<fPen
3n(1 + 14.4/u%) (10a)
M, =
()
Fb [% sin @ + 1. 2 cos 2§ 5 - n<@<0
3n(l + 14.4/p
Mg = VM0 (10b)

Other quantities of interest are the shortening of the vertical diameter of
tube &; and extension of the outside diameter of the ring 8. From Egs. (3)
we obtain [

3-.

b7 In 2 4
B =w(0) - win) = F{(=—|> - = - (11a)
v T’ } In(l + 14.4/;12)}
3
5. =2 [ulZ) - u(o) =F—P—--l- 4 J (11b)
i L {2) ] 1” T2 901+ 14.4/u%)

The first equation defines the spring constant of the O-ring

F D T 2 4
F_D /iz _2_ (12)
5, 3 [“ T o9n(l + 14.4/u2)}

which is of primary importance in the application of O-rings. Notice that the
spring constant increases with u. This is as expected, since for larger u,
more of the work done by the compressive force is stored in the form of strain
energy of extension of circumferential fibres rather than flattening of the
cross-section.

52.4.2 Solutions for Loading (b) - Uniform Lateral Compression

—— R (force per unit length)
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This loading results from the reaction of the back-up ring. To take advantage
of symmetry, it is more convenient to replace the independent variable @ by the
new variable

=¢ - I
For the present loading S2= 0 and

%Py
dy
Eqs. (1) become

= 0 except at ¥y = 0 (13)

ol
+
=
R=]
O
@]
7
~
fl
o

d7 (14)

N
'

0

Q

n

2
]
(]

together with the jump condition

- ma
Voo~ Vo= o2 R (15)

We could express B andV as convergent Fourier series and determine the Fourier
coefficients from Eqs. (14) and (15). The difficulty here is, however, since
¥V is discontinuous at 7 =0, if we should differentiate the Fourier series
representation of V, the result will not converge to d¥/dy which is needed to
calculate stresses and strains. 1In order to get around this difficulty, we
shall replace Eqs. (14) and (15) by the following equivalent system.

B = Bu—>0 + B (16a)

Vo= Wuéo + ¥ (16b)

EfEEfg (u) )

+ (u cos ¥y =0 (17a

d72 10
2

asv

4“‘_2"0 =0 (17b)
dy

V.5 - ) =| = )R (17¢)
0%, o 0%, _ o ‘Ehz
2B _

d—yz. + ulcos y = - “%-)0 cos y (18a)
2

Q_% - U3 cosy =0 (18b)

dy

(71’)7 =3+0°" (W)y - -0 (18¢)
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The solutions of Eqs. (17) can be shown to be

A HmaR2 [2 siny+ (7- n)(1 - cos 7)] 0<y<n (19a)
2nEh

+-EE§B— [2 sin + (y+ n)(1 - cosy ﬂ -<y<0 (19b)

\
C mak [} - n] 0<y<n (20a)

Now WuAO can be expanded as the following convergent Fourier series

aR %?sin
¥ _m ny
“?0 rrEh2 1 n

Therefore, Eqs. (18) become
2

i—% + ul cos ¥ = - uWﬁao cos vy
y
_ _ pmaR|1 E n
= = ZZSin7+Z 5 sin ny
nEh 2n -1
2
g—%—- B cos y=0
dy
which admit the solution
cO
5=M2{§An gin ny (21a)
nEh
V= . 4 pmak 39 l—(A + A ) sin ny (21b)
2 JTEh2 T n2 n+1 n-1
where AO =0
u2
2 2 A A
L _|2(” + 1) n - 2 n + 2 _ 1
An + ., 3 > 5 An + 5 + 5| = 3 (21c)
n"|(n” - 1) (n - 1) (n +1) n(n” - 1)

(n = 2’ 3, 4, "')
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Again, as in loading condition (a), we can write

B =B, +P (22)
where . o0 1
g = Hma:t PA - 1/4) siny+ A - sin nV} (23)
AEh’ 1 E; " a@?- 1)

Bz neglecting (An) ., in Eq. (2lc) and noting that for practical O-rings
€410 we obtain apréximately

Ap T 1/4(1 + 1%/14)

A, T 1/6(1 + u?/14.4)

A, T L+ u2/48)/264(1 + u2/14)

(24)

A, =+ u2/19.2)/60(1 + u2/14.4)

Keeping three terms in the series for B and ¥V and simplifying the resulting
expressions by limiting to 5% accuracy, we obtain, approximatély

g = . “ma§ 1 3 {% sin;, + % sin 2y + %7 sin 37] (25a)
Eh® 2n(1 + 14/p°)

- ~ maR 1 1

Y o= - 5 5 [?.5 siny + sin 2y + EWE sin 3y (25b)

Eh” 2n(l + 14/u°)

The predominating stress resultants are

Ng = - 5% %) [1 + L 2(3.5 cosY + 2 cos 2y + 0.8 cos 37)} (26a)
1+ 14/u
;
%5 L (n -7) sin 7+ cosy+ 1 - 1 26% cos 7y + % cos 2y +
1+ 14/
M¢ =< %7 cos 37)] 0zy<n
gh [(ﬁ +7) siny + cosy+ 1 - ———l————EG% cosYy +'% cos 2y +
\ <" 1 + 14/p
2—7 cos 37)] 1<y <0
(26b)
MO =VM0 (26c)
Notice that the first term in Ng represents the "hoop tension.'" The other

terms represent the correction for the finite value of p and are anti-symmetric
with respect to the vertical tube diameter Notice also when finite His
considered, M¢ no longer vanishes at the inner edge (7 = n) of the ring. From
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Eqs. (26a) and (26b) it can be shown that for the present loading
bending stress, 6 M¢/h2

membrane stress, Nﬂ/h =0 (W

The extension of the vertical diameter of tube and shortening of the
outside diameter of the ring are

3
x n, _bR[ _x_ 0625  [v)[n
5, =w@) - w(-5H =% {1- P um)(bﬂ (27a)
-8, = - 2u(0) = ;%g(%} (a) [1 +6.3/(1 + 14/u2)] (27b)

52.4.3 Solutions for Loading (c) - Uniform infefnal Pressufe on Half of Ring -

| T (pressure)

This loading is represented by the internal pressure on a 'pressure-energized"
0-ring. For this loading

Q= magT sin @ 0<P<r
Eh

=0 -n<P<0

PH = magT sin @ 0<@<n
Eh

=0 - -n<@<0

The right-hand side of Eqs. (1) can be expanded as the following convergent
Fourier series

o0
_ pmabT|1 __ _2 cos (2n - 1)@
Hreos § =5 {4 sin 20 - S & T+ D)2 -9 (282)
dp o
H mabT |1 : : 2 2n
- mg = - —= -cos¢+—z————-sin2n¢ (28b)
ag Eh2 [2 T q 4n2 -1 }

It can be shown then that Eqs. (1) have the following solution

o0
g = Egigz §3A2n .1 cos (2n - 1)@ (29a)
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o, 2 o0 A _{— A
v = magT % cos @ +_l z: 51n22nﬂ }_ %_ %d 2n—1 ; 2n + 1 sin 2nd
Eh ™1 n(4n” - 1) n
(29b)
where
u2 -1
A +Tp(By - 83) =50
A 4+ uz 2(n2 + 1) A - An + 2 } An - 2 - 2 (30)
n 2 2 2 'n 2 2 2 2
4n (n” - 1) n+1) (n-1) n(n” - 1n

(1‘1 = 3, 5’ 7, "')

It is easy to show that the solution converges

case of =0

to the following for the limiting

P;ig!i‘_b + %} -n<P<0
Eh” [T
v o= (31a)
=0
EE%I {%os P+ % - %} 0<P<n
\Eh
%b;"\%sinﬂ-%+gsin¢+%cosﬁ-£} -z @<0
Eh m
8 . = (31b)
W0 umabT 1 g . 9 2 T
—= |- s sin @+ +—= sin @ + = cos @ - —=| 0<@<rn
2 2 2 Pl T 4
Eh
Therefore we can rewrite Eqs. (29) as
B=8 % g (32a)
Vo= ‘l'uao + v (32b)
where
B = LmabT (A, + 1/21) cos @ + (a4 - 2 ) cos nf (33a)
2 1 -n 2 2
Eh : 7(n” - 1)n
n=3,5,7---
u2 mabT & 1
-Vr = - 8—) (E—hz) ; ‘n—z(Azn -1 - A2n + 1) sin 2n¢ (33b)

By neglecting (A )
we obtain approx?mgzgl

o 1 + 12/192
1" )
2n(1 + p2/14)
A = 1 - IJ.2/16
3

36n(1 + u?/14)

in Eq. (30) and noting that for practical O-rings p'<10
y

(34)
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Keeping two terms in the series for B and one term for T, we obtain, approxi-
mately

B = /“‘“a‘z’T 1 7-1(0.927 cos @ - 0.104 cos 39) (35a)
\ Eh 2n(1 + 14/p°)

7o mabg ( 1.85 sin gﬂ (35b)
Eh™[12n(1 + 14/u°%)

The predominating stress resultants are

Ng =21 4 185 cos 70 (36a)
m (1 + 14/p1°)
(2. 11 1.8 U1
b T > cos 1) 5+ cos )] - sin @
- L 5 (0.927 sin @ - 0,312 gin Bﬂ)] -n<@P<0
2n(l + 14/u°)
M, = (36b)
b \2 [ 1 1 g 1
b"T [- s cos D+ +=cos P -—=sin f
2 2 n n
- 1 5 (0.927 sin @ - 0.312 sin BQ{’ 0<fP<n
2n(l + 14/u°)
Mg = VMg (36c)

The extensions of the vertical diameter of tube and outside diameter of ring
are

-8, = w(x) - w(0) = %l;—T[l - 0.927/(1 + 14/u2) - {-3) (‘—;)(ulmﬂ (37a)
By = 2[u(§)] - i%ﬁz [1 - 1.85/(1 + 14/u2)] (37b)

Eq. (37a) shows that if the parameter p is sufficiently small, the vertical
diameter of the tube may actually decrease, resulting in a decrease in the

sealing pressure between the O-ring and the flange surface. This may seem

to be somewhat surprising since it corresponds to a negative pressure-energizing
effect. However, if the O-ring is backed up by a retaining ring, then a

reactive force R would exist between the O-ring and the retaining ring under the
pressure T. It can be shown from Eqs. (27a), (27b) and (37b) that now the
vertical diameter of the tube always increases, resulting in a pressure-energizing
effect.
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52.4.4 Solutions for Loading (d) - Uniform Internal Pressure

1

P (pressure)

N
=

oy

For this loading we have the well-known membrane solution

b

1+%;sin¢
1+=2s5in9
a
Ny = Pb/2 (38)
B = Mﬂ = Me =0
The corresponding increase in the outside diameter of the ring is
N N
= 226 = 2a]-8 _,B|. ,BD .
BH = 2a£.9 = 2a T Eh)_ a Eh(l 2v) (39a)
and the increase in tube diameter
=9op By . Y| _Bb -
—SV = 2b Eh(l 2) = I (b)(2 - v) (39b)
Notice that in order to get N, = Pb/2, we have to solve the unsimplified version

of Eqs. (1) forV with accuracy to the order of b/a. This 1s necessary wheneve
Ny is of the same order of magnitude as Ng. The reason for this is explained
very clearly in Ref. 6. :

Notice that the stresses and deformations under this loading are much
smaller than those under loading (c). The implication of this result is the
equivalence of the following loading conditions:

RSO

(D (2) (3)
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These figures represent the internal pressure on (1) ''pressure energized"
0-ring, (2) standard O-ring, and (3) "pressure filled" O-ring. They show that
within the elastic theory all three types of O-rings behave essentially the
same.

52.4.5 Discussion and Conclusion

(1) The solutions of ring shells have been presented as the sum of

(a) The solution for a fictitious ring with the same dimensions but
with the parameter u»0. Physically for p to approach zero we
must have the ring diameter very much greater than the tube
diameter.

(b) An auxiliary solution which represents the corrections for the
finite value of p.

The advantages of this representation are:

(a) The solutions for the fictitious ring are obtainable in closed
form.

(b) The auxiliary solution convergés faster than the formal Fourier
series solution, particularly when the parameter p gets larger.

(c) Singularities in loading which give trouble to the formal Fourier
series solution are removed.

In order to illustrate the superior convergence of the auxiliary
solution, the moment M, at the top and bottom of the O-ring for
loading condition (a) is computed for two cases: u? = 10 and

uz = 400. TFor u2 = 10, the coefficients Apn's are determined from
Eq. (5) by cutting off at n>10. The auxiliary series solution
converges so fast that the fifth term is only about 0.0015% as large
as the leading term. Eq. (10a) which keeps only the leading term
of the series has a 27 accuracy. Yet ten terms of the original
series only have a 7% accuracy. For p2 = 400, the coefficients
App's are determined from Eq. (5) by cutting off at n>20. The
auxiliary series solution converges fast. The fifth term is smaller
than 0.03% of the leading term, The real merit of the auxiliary
solution, however, is not in its fast convergence when accurate
values of Azn’s are known, but that the accurate solution can be
obtained without having to solve the some twenty simultaneous
equations (5) for Ap,(n€20). Taking an extreme case for example,
let Ay, Ag, --- =0, in Eq. (5), we obtain A2 = 3,687 x 10-3
immediately. Using this value of A, and keeping only the leading
term in the auxiliary series, we obtain a solution which is only 8%
in error. This is remarkable indeed since we know that the more
accurate value of the coefficients Azn's are

Ay = 4.404 x 1073

A, = 7.464 x 10-3

A, = 3.368 x 1073
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(2)

(3

On the other hand, five terms of the original series give a 28Y%
error, Even the sum of all twenty terms still has an 8% error.

Simple expressions for the stresses in O-rings and for the load-
deflection relations are obtained. The spring constant of the
O-ring is given by Eq. (1la). From this the 0-ring squeeze needed
for a given seating pressure can be determined. Designers would
wish to know the variation of sealing pressure with internal pres-
sure. The load-deflection relations, Eqs (11), (27) and (37),
enable us to determine the sealing pressure when the internal
pressure is given.

Within the assumptions of the present elastic theory, all three types
of O-rings behave similarly. The use of a back-up ring is desirable,
since in addition to its principal function of retaining, it also
helps to increase the sealing pressure.

It seems that in the current applications, O-rings are squeezed to
such an extent that plasticity and large deflection effects are
important. These problems are extremely complicated. For most
0-rings the parameter | is small. The approximation us0 simplifies
the problem a great deal and gives promise to solutions that take
these complicating factors into consideration.

The essential simplifications are:

(a) Under axial compression (loading (a)) the flattening of the tube
cross-section introduces negligible circumferential extension.
The problem goes over to that of a cylinder.

(b) Under circumferential loads the circumferential stress resultants
Ng of all the fibres are the same and equal to the "hoop tension')
the magnitude of which can be determined readily. The O-ring
now becomes statically determinate. The other stress resultants
can be determined from the equations of equilibrium and the
deformation found from the appropriate stress-strain laws.
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53. COMPARISONS AND CONCLUSIONS

by
B. T. Fang

Pressure-energized cantilever-type and metallic O-ring seals are
analyzed in Sections 51 and 52, respectively. As compared with some other
types of seals they are characterized by the following advantages:

(1) High resiliency

(2) High localized sealing stress

(3) External load taken by other components of the connector.
(4) Lower clamping pressure needed, thus lightér flanges.

(5) Compatibility to extreme temperatures and to most fluids.

(6) Ability to seal at high pressure
Possible disadvantages are:

(1) Since the seal is formed by hard metal-to-metal mating, a
smooth surface finish is required if a coating material is
not used. When a soft coating material is used, there is
the difficulty of forming a good coating, particularly at
extreme temperatures,

(2) Because of the lighter cross-section and lower total
sealing force, relative motion between the gasket and the
flanges is more likely to occur as a result of internal
pressure, differential thermal expansion and vibrations,
The ability to reseal is of importance.

In Section 51 a detailed study of several common types of pressure-
energized seals is made, and design procedures are given. Characteristics
of seals are shown which give the increase of sealing force and change of
maximum stress with internal pressure. Since the sealing force increases
with the fluid pressure, it may occur that a not-too-well-designed seal may
function properly at high pressures but leak at low pressure. Among the
different types of seal legs considered,the tapered leg with a lip on the
end is the best design. It gives greater sealing force at low pressures and
is subjected to lower bending stresses, while its high-pressure sealing
ability is only insignificantly inferior to that of the uniform-leg design.
Possible relative radial and rotational motions of the seal and the flanges
are also studied in Section 51. Since, when under pressure, the sealing
force is much greater than the initial sealing compression, there seems to
be no reason why reseal cannot be effected after relative motion has
happened. Further experimental work is desired to see if there are any yet
unknown factors which prevent this reseal. The sealing- force-versus-pressure
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characteristics in Section 51 are obtained without considering the sep-
aration of flanges due to pressure. The gross flange deformation is treated
in Section 41. The consideration of the seal characteristics as well as

the gross flange deformation is illustrated by design example in Section
13.2,

In Section 52 the hollow metallic O-rings are investigated. A general
elastic analysis is made. It is found that the standard and pressure-filled
type O-rings also have some pressure-energizing effect. As compared with
the standard O-rings, the pressure-filled O-rings can withstand higher
pressure without buckling. The pressure-energizing effect of the pressure-
energized type O-rings should be greater than the corresponding effect of
the other two types of O-rings. Unfortunately because of the plasticity
and large deformation effects, reliable quantitative information is lacking.
Further experimental work in this respect is needed. In general, since the
O-rings operate in the plastic range, their behavior is less well defined
than that of the pressure-energized seals discussed in Section 51. The re-
sult of O-ring analysis is illustrated by a design example in Section 13.1
for a flanged connector sealed by an O-ring.

As to the relative merits of the cantilever-type seals treated in
Section 51 and the hollow metallic O-rings in Section 52, the following
general conclusions can be made:

(1) For a well-designed cantilever-type seal, the seal stays
in the elastic range. The variation of sealing force with
pressure in the system is accurately known. The gasket is
reusable. The 0O-ring is compressed to the extent that
large plastic deformation occurs. The sealing force is
less accurately known and the O-ring is not reusable.

(2) When the O-ring is compressed, it expands radially and
rests on the mechanical back-up provided. Part of the
radial pressure is taken by the mechanical back-up rather
than as hoop temsion of the 0-ring. For the cantilever-
type seal, the radial pressure is mainly taken by hoop
tension in the web. More critical tolerances on the di-
mensions of the seal and the mechanical back-up are re-
quired if we should want to design the cantilever-type seal
in such a way that the radial pressure is taken by the
mechanical back-up.

(3) Rotation of the seal cross-section is less a problem with
the O-ring than with the cantilever-type pressure-energized
seal when there is differential radial growth of the two

flange faces,
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